


b y the task of in tegrating and transforming a�eren t neural patterns from sensory stim uli in to e�eren t

neural patterns for motor output. The pro cess of sensorimotor organization will not b e thoroughly

understo o d un til neural activit y patterns can b e recognized, their in teractions iden ti�ed, and the

relationship b et w een patterned activit y and b eha vior clari�ed.

Neural activit y patterns are in
uenced b y the anatom y , ph ysiology , and a�eren t input of eac h

neural system and are distributed in space and time. Recurren t connections b et w een di�eren t systems

can in terlo c k these patterns lik e cogs in dynamical wheels. The dev elopmen t and application of

appropriate mathematical metho ds to kno wn prop erties of the nerv ous system is needed to determine

the patterns that eac h system will supp ort, ho w the patterns in teract, and to iden tify the signature

of suc h patterns that could b e detected with curren t exp erimen tal tec hniques.

The gro wing acceptance of the p opulation co ding paradigm of neural computation [5] has brough t

with it an increasing in terest in ho w co ding strategies are implemen ted in the brain. Sync hronous

activit y of neurons in a distributed p opulation is a dynamic and e�cien t means for enco ding infor-

mation in the nerv ous system [24]. Evidence of coheren t, spatiotemp oral patterns is accum ulating in

v arious regions of the brain including the visual cortex [1], the olfactory bulb [8], and the cereb ellar

cortex [19].

Ho w ev er, patterns of neural activit y are only meaningful to the regions with whic h they comm u-

nicate. A di�cult y with searc hing for patterns in exp erimen tal data is that often the regularities

are o v erlo ok ed unless substan tiated b y theory [6]. The underlying regularities that constitute a pat-

tern are easily w ashed out of complicated data b y statistical a v erages unless the statistics are tuned

b y theoretical predictions. An imp ortan t dut y of the theoretician is to classify the regularities of

phenomena as an aid to exp erimen talists in analyzing data from subsequen t in v estigations.

The formalism in tro duced in [22 ] is able to select the output of an y functional net w ork [10] that

ma y b e a subset of the anatomical net w ork b y de�ning a rh ythm to b e a cycle, sub ject to the

dynamics of the net w ork, where eac h cell c hanges state exactly t wice. The metho d uses t w o-state

neurons and com bines v arious cellular and synaptic prop erties to formalize transitions b et w een states.

A wide range of net w ork b eha viors can b e mo deled with this metho d to predict rh ythmic b eha vior in

dynamic biological net w orks. When mo deling small neural net w orks, there is often a tradeo� b et w een

computational e�ciency and biological details. Reducing the details of a mo del is not incompatible

with main taining biological realism b ecause detailed biological mo dels can b e highly nonlinear in

their predictions so that a small error in setting the v alues of mo del parameters can lead to v ery

unrealistic predictions. The adv an tage of using e�cien t metho ds to predict net w ork b eha vior is that

a wide range of conditions can b e tested.
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The formalism used in the this article is able to scan the space of rh ythms and iden tify the

p ossibilities that can b e generated b y a giv en neural circuit. This approac h is therefore indep enden t

of an y sp eci�c c hoice of initial conditions and can b e though t of as a tec hnique to iden tify the global

attractors of the net w ork for rh ythmic b eha viors. A net w ork ma y generate a large n um b er of rh ythms

so that a measure on the space of rh ythms is required to mak e comparisons and classify the v ariet y of

rh ythmic output. The measure in v estigated in [21] guaran tees that functionally similar patterns are

in close pro ximit y of eac h other and clusters of rh ythms form around dominan t patterns in rh ythm

space. The sp eci�c biological mec hanisms resp onsible for di�erences b et w een rh ythmic classes (or

clusters in rh ythm space) can b e iden ti�ed to rev eal factors imp ortan t for main taining temp oral

patterns generated b y m ultiple pattern generators.

The inclusion of cellular prop erties along with synaptic connectivit y allo ws the formalism to predict

temp oral patterns generated b y biological net w orks [22]. By including ph ysiologically realistic cellular

prop erties suc h as endogenous oscillation and p ostinhibitory reb ound, a computationally simple mo del

w as used to predict the neural activit y of dynamic biological net w orks (an example suc h net w orks

are discussed in [17]). The next step in suc h an analysis w ould b e to understand what biological

mec hanisms are in v olv ed in generating rh ythms, or under what conditions these rh ythms migh t b e

observ ed. Since the mec hanisms resp onsible for eac h transition are explicit in the formalism, the

juncture p oin ts can b e iden ti�ed at whic h t w o rh ythms div erge to establish their iden tit y in di�eren t

b eha vioral classes.

The purp ose of this article is to establish a mathematical foundation for in v estigating the in terac-

tions among patterns of neural activit y in sensorimotor organization. In con trast to conduction-based

mo deling, the details of the mem brane conductances are discretized to greatly reduce the computa-

tional load while main taining the essence of relev an t biological mec hanisms. W e test for rh ythmic

b eha vior in biological neural net w orks, and dev elop a general metho d to classify the p ossible pat-

terns generated b y a giv en net w ork with kno wn synaptic connectivit y and cellular prop erties. Up on

de�ning a suitable metric, the set of patterns form a metric space where functionally similar patterns

app ear in clusters, and eac h cluster de�nes a functional mo de of the system.

In the next section, the mathematical fundamen tals are explained and basic de�nitions are giv en.

The follo wing section applies the formalism to rh ythmic b eha vior of the v estibular system, and ana-

lyzes bilateral neural net w orks to pro vide a mec hanism for the generation of v estibular n ystagm us.
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2 Mathematical Metho ds

In w ell studied biological net w orks, man y of the transitions b et w een patterns of neural activit y are

already kno wn in the form of synaptic or cellular prop erties whic h induce c hanges in the �ring patterns

of cells in the net w ork. Conceptual mac hinery will b e dev elop ed in the follo wing to help elucidate

ho w these prop erties w ork together to generate the observ ed b eha vior of the net w ork. T raditional

mo delling studies dev elop complicated systems of di�eren tial equations, and then prob e the parameter

space on a p oin t-b y-p oin t basis to examine the b eha vior of the mo del. Here, w e depart from traditional

metho ds b y examining probabilities of c hanges in the b eha vior determined b y regions of the parameter

space.

Neural States and Transitions.

The generation of temp oral patterns in the cen tral nerv ous system often driv e in motor circuits that

require sustained bursts of action p oten tials to con trol m uscle activit y . The neurons participation in

these circuits utilize slo w resp onding curren ts to generate plateau p oten tials, long dep olarized states

that pro duce a burst of action p oten tials [16 ]. The output states of mo del neurons in the approac h

used here will b e describ ed as McCullo c h-Pitts neural units [20], c
n

, where n = 1 ; : : : ; N , and N is

the n um b er of neural units in a giv en net w ork. Eac h neuron Asso ciated with it an indicator of the

mem brane p oten tial that tak es its v alues in a binary state space, ~c
n

2 Z2 , where here the excited

state ( ~ c
n

= 1) means that the neuron is �ring a burst of action p oten tials.

A set of N 2-state neurons, in com bination with synaptic connections and cellular prop erties, is

called a network, and is denoted; N = fc1; c2; : : : ; cN

; S; Cg, where S is a set of synaptic connections

and C is a set of cellular prop erties. The t w o states of individual neurons will b e represen ted b y the

2-dimensional v ectors:

c
n

=

2
64

1

0

3
75 or

2
64

0

1

3
75 : (2.1)

A neural state is de�ned b y P .Getting [10] to b e the spatial distributation of activit y within the

net w ork at an y giv en momen t in time. F or example, if the set of neurons are giv en as

� = fc1 =

2
64

1

0

3
75 ; c2 =

2
64

0

1

3
75 ; c3 =

2
64

1

0

3
75 ; : : : ; c

N

=

2
64

1

0

3
75g; (2.2)

then neuron c1 is in a dep olarized state, c2 is in a p olarized state, etc. W e will abbreviate the ab o v e

neural state as � n

= [101 : : : 1]. The sup erscript denotes whic h neural state so that in a net w ork of
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N neurons, n = 1 ; : : : ; 2

N

. This set of 2

N

neural states form the basis of a v ector space, V
sp

, that

represen ts all p ossible neural states.

Op erators ma y no w b e de�ned that act on the neural states. F or eac h elemen t of S and C there

corresp onds an op erator, O , whic h transforms eac h neural state in to a linear com bination of states,

O : V
sp

! V
sp

,

O� i

=

2NX
j =1

a
j

� j

(2.3)

The co e�cien ts, a
j

, are w eigh ting factors that will b e used to set the relativ e strengths of the synaptic

and cellular prop erties. It should b e noted that cellular and synaptic prop erties ma y ha v e di�eren t

time scales, so the co e�cien ts can b e time dep enden t. Since this is a collection of 2-state systems,

the op erators will b e de�ned in terms of the standard P auli spin matricies as giv en in [7]; �1; �2; �3 ,

and the 2 � 2 iden tit y matrix, 1. A con v enien t set of op erators from whic h to build the synaptic and

cellular op erators are giv en b y

H�
=

1

2

( �1 � i�2 )

L�
=

1

2

( 1� �3 ) (2.4)

It should b e noted that these op erators do not comm ute so one m ust b e careful with their ordering

when constructing synaptic and cellular op erators. The op erator H+
ma y b e considered as a h yp er-

p olarization op erator whic h turns o� a neuron in the excited state, and it is paired with H�
whic h

dep olarizes resting a neuron:

H+
n

[ c1 : : : cn �1 1 c
n +1 : : : cN

] = [ c1 : : : cn �1 0 c
n +1 : : : cN

] ;

H�

n

[ c1 : : : cn �1 0 c
n +1 : : : cN

] = [ c1 : : : cn �1 1 c
n +1 : : : cN

] : (2.5)

The other op erators are pro jection op erators whic h measure whether a neuron is in an excited or

resting state:

L+
n

[ c1 : : : cn �1 1 c
n +1 : : : cN

] = [ c1 : : : cn �1 1 c
n +1 : : : cN

] ;

L�

n

[ c1 : : : cn �1 0 c
n +1 : : : cN

] = [ c1 : : : cn �1 0 c
n +1 : : : cN

] : (2.6)

Supp ose there is a synaptic connection b et w een neurons m and n in the net w ork N where c
m

represen ts a presynaptic cell c
m

represen ts a p ostsynaptic cell. One ma y then de�ne the follo wing

synaptic op erators:
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� Inhibitory: S
I

mn

= smn

I

H�

n

L+
m

� Excitatory: S
E

mn

= smn

E

H+
n

L+
m

� Gap junction: S
G

mn

= smn

G

( H+
n

L+
m

+ H�

n

L�

m

+ H+
m

L+
n

+ H�

m

L�

n

)

� Recti�er junction: S
R

mn

= smn

R

( H+
n

L+
m

+ H�

n

L�

m

)

F or example, if the synapse is inhibitory , then the op erator acts on neural states as:

S
I

mn

[ c1 : : : cm �1 1 c
m +1 : : : cn �1 1 c

n +1 : : : cN

] = smn

I

[ c1 : : : cm �1 1 c
m +1 : : : cn �1 0 c

n +1 : : : cN

]

S
I

mn

[ c1 : : : cm �1 1 c
m +1 : : : cn �1 0 c

n +1 : : : cN

] = 0

S
I

mn

[ c1 : : : cm �1 0 c
m +1 : : : cn

: : : c
N

] = 0 : (2.7)

The real co e�cien ts smn

I

, smn

E

, smn

G

, and smn

R

are useful to assign the strength of the mec hanism

represen ted b y the op erator, and these co e�cien ts ma y b e time dep enden t. The �rst t w o of the

ab o v e op erators are commonly asso ciated with c hemical synapses with time courses that are longer

than the second t w o whic h represen t electrical synapses. A t the �rst stage of a rh ythmic analysis, it

is customary to set all of the op erator co e�cien ts to unit y .

In a biological neural net w ork, mem brane curren ts ma y cause neurons to terminate a burst of

action p oten tials sp on taneously after a p erio d of time, or remain tonically activ e. A third p ossibilit y

is that a neuron ma y oscillate b et w een quiescence and bursts. T o eac h cell in the net w ork w e assign

one of the follo wing op erators to re
ect these prop erties.

� Plateau termination: C
P T

n

= cn

P T

H�

n

� T onic Activit y: C
T A

n

= cn

T A

H+
n

� Endogenous oscillations: C
E O

n

= cn

E O

( H+
n

+ H�

n

)

One more cellular prop ert y pla ys a cen tral role in man y pattern generating net w orks. If a neuron

is in a resting state and is concurren tly sub jected to a inhibitory curren t, often it will adapt to the

added curren t, th us holding the mem brane p oten tial at a preferred v alue. If the inhibitory curren t is

then remo v ed, the cell ma y reb ound to an excited state. This phenomenon is called p ostinhibitory

reb ound [3] and is assigned the follo wing op erator:

� P ostinhibitory reb ound: C
P I R

mn

= cmn

P I R

H+
n

L�

m
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There are t w o indices b ecause it is presen tly assumed that inhibition is a result of a p ostsynaptic

inhibitory curren t, and the op erator L�

m

insures that the presynaptic cell is no longer in an excited

state. This op erator can only b e applied in com bination with an op erator that silences the presynaptic

neuron ( c
m

) whic h has b een inhibiting the p ostsynaptic neuron ( c
n

).

In order to use these op erators to analyse a biological neural net one tak es a sum of all the

synaptic and cellular prop erties and applies the resultan t op erator to an y neural state. T o sho w ho w

this pro cedure is carried out in practice, w e will tak e the not-so-realistic (though standard) example

of t w o m utually inhibitory neurons (Fig. 1A). The op erator for this net w ork tak es the form:

O = S
I

12 + S
I

21 + C
P I R

12 + C
P I R

21 + C
P T

1 + C
P T

2 + C
P I R

12 C
P T

2 + C
P I R

21 C
P T

1 (2.8)

This op erator acts on the neural states, [ c1; c2 ] as follo ws.

O [11] = ( s12
I

+ c2
P T

)[10] + ( s21
I

+ c1
P T

)[01]

O [10] = c1
P T

[00]

O [01] = c2
P T

[00]

O [00] = c21
P I R

[01] + c12
P I R

[10] (2.9)

Th us, a list is generated of the transitions from eac h neural state under the in
uence of the connec-

tivit y and cellular prop erties. The probabilit y of eac h transition is the co e�cien t divided b y the sum

of all the co e�cien ts included in the sum. F or instance, the transition probabilit y for [11] ! [10] is

P ([11] ! [10]) =

s12
I

+ c2
P T

s21
I

+ c2
P T

+ s12
I

+ c1
P T

: (2.10)

Ph ysiological data ma y b e used to set the v alues of these v ariable to determine the transition proba-

bilities of eac h transition.

Rhythms and Rhythmic patterns.

The application of the synaptic and cellular op erators on states of the net w ork N generates a set of

transitions b et w een neural states. Eac h transition is denoted b y ( �
i

; �
f

)

M

, where �
i

is the initial state

of the transition, �
f

is the �nal state, and M 2 fI; E;G;R; PT; TA;EO; PIRg is the mec hanism

resp onsible for the transition. The set E = f( �
i

; �
f

)

M

; for an y Mg is formed b y the set of unique

directed edges suc h that the sp eci�cation of the mec hanism is suppressed. Com bining this set with

the set of neural states, V , forms the transition graph of the net w ork, G( V; E ). The transition graph

for the half-cen ter oscillator is sho wn in Fig. 1B.

An imp ortan t subgraph of G( V; E ) for the study of rh ythmic b eha vior is the graph that is generated

b y in tro ducing curren t thresholds for the neurons of the net w ork, and eliminating those transitions
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that violate a rule based on the sum of curren ts in eac h cell [20 ]. F or instance, if the net w ork is

in a state where one of the neurons is hea vily inhibited b y synaptic curren ts, then it is biologically

implausible that the cell w ould undergo a transition from a silen t state to �ring a burst.

If p ostsynaptic curren ts are lab eled b y in tegers, i
n

2 Z, for eac h neuron n, then i
n

> 0 represen ts

an excitatory and i
n

< 0 an inhibitory p ostsynaptic curren t. A v alue C ma y b e assigned to eac h t yp e

of transition suc h that C > 0 implies that the transition in whic h a neuron c hanges from an inactiv e

to an activ e state and C < 0 otherwise. A transitions is eliminated b y the synaptic constrain t if

C +

X
n

i
n

� �; for C < 0

C +

X
n

i
n

� ��; for C > 0 (2.11)

where � is a threshold and the sum is o v er all activ e presynaptic neurons.

In order to study complicated rh ythms in all but the simplest of net w orks, w e will need a notation

to k eep trac k of cycles on the transition graph and aid in the classi�cation of m ultiple rh ythms.

The de�nition of rh ythm will b e formalized using tec hniques found in [4], resulting in a metho d to

generate the functional rh ythms of a net w ork. The �rst step is to de�ne what is mean t b y a path

on the transition graph (for an alternativ e approac h, see [13]). Let E� b e the set of �nite sequences

of elemen ts of E juxtap osed; E� = f( �
f 1
j�

i 1
)( �

f 2
j�

i 2
)( �

f 3
j�

i 3
) � � � ( �

f k
j�

i k
) : ( �

f a
j�

i a
) 2 E ; a 2 Z

+g [ �,

where � represen ts the n ull sequence. A path on the transition graph is an elemen t of E� where the

transitions are con tiguous so that �
f a

= �
i a+1

for all juxtap osed elemen ts. W e no w need a function

that acts on elemen ts of E� whic h will coun t ho w man y times eac h cell of the net w ork has c hanged

state, and what the nature of that c hange is. Let N b e the n um b er of neurons participating in

the functional net w ork. W e de�ne the label function ` : E� ! Z
N � Z

N

: If ( �
f

j�
i

) 2 E , where

�
i

= [ ~ c1 : : : ~c
N

], and �
f

= [ ~ c01 : : : ~c0
N

], then `( �
f

j�
i

) = ( b+1 : : : b
+
N

; b�1 : : : b
�

N

), where

b+
n

=

8><
>:

1 if c0
n

� c
n

= 1

0 otherwise

b�
n

=

8><
>:

1 if c0
n

� c
n

= �1

0 otherwise

(2.12)

The function ` is extended to all of E� as follo ws:

`( S1S2 ) = `( S1 ) + `( S2 ) (2.13)

for S1; S2 2 E
�

and `+' is v ector addition in Z
N

. Since the transition op erators ha v e b een de�ned to

allo w only one neuron to c hange with eac h transition, the function ` giv en b y eq.(2.12) maps elemen ts

of E to v ectors with all comp onen ts equal zero except one that is unit y .
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W e next in tro duce a path algebra whic h is a set P with t w o binary op erators, a join op eration and

m ultiplicati on ob eying the rules b elo w [4 ]. F or our presen t purp oses, the set P is the p o w er set of E� ;

the set of sets of elemen ts of E� . The binary op erators are de�ned as follo ws:

� The join op eration ( _) is idemp oten t, comm utativ e, asso ciativ e, and is tak en here to b e set

union.

� Multiplication ( �) is asso ciativ e, and distributiv e o v er _, and is de�ned here for S1; S2 2 P b y

concatenation:

S1 � S2 = f�1�2 : for all �1 2 S1; �2 2 S2 and

`( �1�2 ) = ( b+1 : : : b
+
N

; b�1 : : : b
�

N

) ; b�
n

� 1 for all ng; (2.14)

This rule allo ws only t w o c hanges of state on the path for eac h neuron. A path algebra has, b y

de�nition, a zero elemen t whic h is the empt y set:

� _ S = S for all S 2 P (2.15)

� � S = � = S � � for all S 2 P:

In addition, a path algebra con tains a m ultiplicativ e iden tit y elemen t whic h is the n ull path � 2 E :

� � S = S = S � � for all S 2 P : (2.16)

W e ma y no w state the de�nition of an N -rh ythm as an 2 N -cycle of transitions

� = ( �
f 1
j�

i 1
)( �

f 2
j�

f 1
) : : : ( �

i 1
j�

i 2N
) (2.17)

suc h that

`( �) = (1 ; : : : 1; 1 ; : : : ; 1) : (2.18)

Ev ery graph G = ( V; E ) with h v ertices and the path algebra P has an asso ciated adjacency

matrix, A = [ a
if

] where i; f = 1 ; 2 ; : : : ; h = 2

N

and the en tries are de�ned b y;

a
if

=

8><
>:
f( �

f

j�
i

) g if ( �
f

j�
i

) 2 E

� if ( �
f

j�
i

) 62 E
(2.19)

The adjacency matrix is useful for calculating paths on the graph G. The de�nition of the path

algebra giv en ab o v e is designed to calculate rh ythms of a net w ork. Matrix m ultiplication is de�ned
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in terms of the path algebra in analogy to matrices of real n um b ers where sums are replaced b y the

join op erator so that the result is a matrix whose elemen ts are mem b ers of P . By taking p o w ers of

the matrix Ak

, the en tries along the diagonal represen t k -cycles satisfying the rule that no neuron has

c hanged state more than t wice. Th us, the set of N -rh ythms con taining the neural state �
i

is giv en

b y the ith

en try on the diagonal of the matrix A2N

:

R
i

=

_
j 1 ;j 2 ;::: ;j 2N�1

f( �
j 1
j�

i

) g � f( �
j 2
j�

j 1
) g � � � f( �

j 2N�1
j�

j 2N�2
) g � f( �

i

j�
j 2N�1

) g: (2.20)

where

W
j 1 ;j 2 ;::: ;j 2N�1

represen ts the join of all v alues of the indices.

The set R of all N -rh ythms generated b y a net w ork is giv en b y the join R =

W
i

R
i

. Because the

join op erator is idemp oten t, the duplicate cycles drop out of the series. Tw o rh ythms are considered

equiv alen t if the sequences of their neural states are iden tical. The maxim um n um b er of p ossible

rh ythms that can b e generated b y a net w ork con taining N neurons can b e computed b y considering

that eac h state in the transition graph shares an edge with exactly N other states. Eac h rh ythm of

the net w ork is a 2 N -cycle of transitions b ecause eac h transition has a lab el with a single 1 in the

appropriate p osition. Th us, eac h rh ythm can b e asso ciated with a cycle of 2 N suc h lab els, and in

fact, there is a one-to-one corresp ondence b et w een the rh ythms in the giv en net w ork and the cycles

consisting of all 2 N lab els that ha v e a single 1. T o coun t these cycles, the n um b er of orderings if

these lab els is equal to the n um b er of p erm utations of 2 N elemen ts (2 N !). Since there is a symmetry

of rotations through the cycles, the �nal answ er of (2 N � 1)! rh ythms is arriv ed at b y dividing out

the symmetry .

Most net w orks will generate a large n um b er of rh ythms so it is useful to ha v e a means of comparing

di�eren t rh ythms of a �xed n um b er of neurons. By comparing similar rh ythms w e will then b e able

to classify the patterns generated b y a giv en net w ork in to groups that re
ect a similar prop ert y .

The functional similarit y relev an t to man y neural systems is the sequence of bursts generated b y the

comp osite neurons. Comparisons b et w een rh ythms can b e accomplished b y in tro ducing a distance

function on to the set of rh ythms to quan tify the functional di�erences b et w een them. F or eac h

rh ythm, there is a sequence of 2 N transition vectors, p
i

2 Z
N

2 , i = 1 ; : : : ; N , whic h are N -tuples

of zeros and a 1 in the lo cation of the neuron that c hanged state. Note that di�eren t sequences of

neural states ma y ha v e the same sequence of transition v ectors so that the transition v ectors do not

uniquely determine a rh ythm. It is often con v enien t to write rh ythms with the transition v ectors

inserted b et w een the states as in the follo wing where w e sho w only 3 states of a rh ythm;

� � � [ : : : ~c
m

: : : ~c
n

: : :] p
m

[ : : : ~c0
m

: : : ~c
n

: : :] p
n

[ : : : ~c0
m

: : : ~c0
n

: : :] � � � (2.21)
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W e ma y transform this rh ythm in to another b y transp osing the v ectors p
m

and p
n

, c hanging the

in terv ening neural state accordingly;

� � � [ : : : ~c
m

: : : ~c
n

: : :] p
n

[ : : : ~c
m

: : : ~c0
n

: : :] p
m

[ : : : ~c0
m

: : : ~c0
n

: : :] � � � (2.22)

Since these t w o rh ythms di�er b y only one neural state, it is natural to consider them to b e neigh b ors

in the set of rh ythms. Th us, distance in rh ythm space is de�ned as: The distance between two rhythms

is the minimum number of adjacent transpositions of transition vectors that transforms one rhythm

into the other [22]. It should b e stressed that this kind of distance di�ers from the Hamming distance

whic h measures the o v erlap b et w een t w o strings of binary n um b ers. All rh ythms that are neigh b ors

in rh ythm space w ould ha v e a Hamming distance of t w o.

The reason for c ho osing this de�nition is that it implies that t w o neigh b oring rh ythms ha v e a

strong functional similarit y . Except for where they di�er, they share all of the same transitions, and

th us the same temp oral pattern. The di�erence is the detour through the transition graph where their

paths separate for a single neural state in the sequence, and then rejoin after the follo wing transition.

One is often in terested in the activit y of motor neurons, or neurons that driv e motor neurons, so that

similarities in rh ythm space translates in to similarities in mo v emen t patterns of the organism.

An in teresting example is pro vided b y the net w ork sho wn in Fig. 2A [18, 14]. Since this net w ork is

anatomically symmetric under cyclic rotations of the neurons, w e ma y use the dynamical equiv alences

classes [11] in addition to the functional classi�cation presen ted here. This is also a go o d example to

demonstrate the v ariation of rh ythmic b eha vior under c hanges of cellular prop erties.

Let the net w ork b e de�ned b y N4 = f1 ; 2 ; 3 ; 4; S; Cg where

S = f S
I

1, 4;S
I

4, 3;S
I

3, 2;S
I

2, 1;

S
I

1, 3;S
I

3, 1;S
I

2, 4;S
I

4, 2g (2.23)

and

C T A

= fCT A

1 ;CT A

2 ;CT A

3 ;CT A

3 g: (2.24)

Without the application of constrain ts, this net w ork generates 1715 rh ythms. This n um b er should b e

compared with the maxim um of 7! = 5040 rh ythms that can b e generated b y a 4-cell net w ork. Since

the net w ork is highly inhibitory , constrain ts will greatly reduce this n um b er. Under the synaptic

constrain t with the threshold � = 0, the net w ork generates one rh ythm as sho wn in Fig. 2B. Note

that the rh ythm is symmetric under cyclical p erm utations of the neurons.
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Instead of allo wing the net w ork to b e driv en b y tonically activ e neurons, w e ma y in v estigate the

results of p ostinhibitory reb ound as a driving mec hanism. In this case w e let the set of cellular

prop erties b e describ ed b y the set,

C P I R

= f C
P T

1 ;CP T

2 ;CP T

3 ;CP T

3 ;

C
P I R

1 ;CP I R

2 ;CP I R

3 ;CP I R

3 g: (2.25)

With these cellular prop erties, the net w ork generates 204 rh ythms without constrain ts and, if con-

strained with � = 0, then w e �nd 16 rh ythms that fall in to 12 clusters. Due to the symmetry of

the net w ork, w e ma y classify these clusters in to 5 dynamical equiv alence classes [11, 12] of whose

mem b ers are equiv alen t under cyclical rotations of the neurons. Represen tativ es of eac h equiv alence

are sho wn in Fig. 2C, where rh ythms 1a and 1b form a cluster of t w o. Classes 2 and 5 ha v e only

one mem b er, classes 1 and 3 ha v e 4 mem b ers eac h, and class 4 has 2 mem b ers.

In the ab o v e example, w e ha v e de�ned clusters in rh ythm space to b e sets of rh ythms that

�ll con tiguous regions with a neigh b orho o d of one surrounding eac h rh ythm. In larger net w orks, it

b ecomes adv an tageous to expand the neigh b orho o d to larger distances b et w een neurons when de�ning

clusters. This is b ecause in large net w orks there b ecome so man y w a ys t w o rh ythms ma y di�er that

functional similarit y ma y b e preserv ed o v er greater distances in rh ythm space. The rh ythms of Fig.

2C are mark ed for b oth nearest neigh b ors (solid line b et w een 1a and 1b) an

3 Application: V estibular Nystagm us

The metho d describ ed in this article has b een previously used to predict the temp oral pattern gen-

eration of small biological net w orks in in v ertebrate preparations [22, 21 ]. This approac h to temp oral

pattern generation is also useful for v ertebrate system with large n um b ers of neurons arranged in

parallel circuits b ecause of the probabilistic in terpretation of the clusters in rh ythm space. In a single

small neural net w ork, a cluster of rh ythms is in terpreted as v ariations on the rh ythm that the net w ork

generates, and if there are man y similar v ariations, a large cluster, that there are man y reinforcing

mec hanisms at w ork to stabilize the temp oral pattern.

In an ensem ble of neurons where there are man y parallel neural mo dules, then the clusters in

rh ythm space represen t similar rh ythms that o ccur sim ultaneously . These t yp es of parallel neural

mo dules are ubiquitous in the cen tral nerv ous systems of v ertebrates. The rh ythm space metho d

has successfully predicted the sync hron y of cereb ellar clim bing resp onses due to gap junctions in
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the inferior oliv e [23]. In the follo wing, the circuitry in the brainstem that is in v olv ed in generating

v estibular n ystagm us is in v estigated, and the essen tial elemen ts of the circuit are rev ealed.

Rhythmic patterns of bilateral vestibular circuitry.

The activit y of neurons in the v estibular n uclei driv e o cular-motor neurons to stabilize gaze during

mo v emen ts of the head. A sudden c hange of the input lev el from the v estibular end-organs, suc h as a

complete loss of input follo wing a lesion in the eigh th nerv e con taining primary v estibular a�eren ts,

causes a rh ythmic mo v emen t of the ey es, or n ystagm us. Most studies concerning v estibular n ystagm us

treat the t w o phases of the b eha vior separately . Here w e explore the p ossibilit y of brain stem circuitry

that is resp onsible for generating the full rh ythm.

In order to in v estigate whether a bilateral circuit exists that con tributes to the main tenance of

v estibular n ystagm us, w e ev aluate the rh ythmic patterns supp orted b y the circuit consisting of the

v estibular n uclei carrying head v elo cit y information, the tro c hlear n ucleus, and the inferior oblique

division of the o culomotor n ucleus. This circuit has b een kno wn to b e instrumen tal in pro ducing

oblique n ystagm us [2].

The space of rh ythms for this v estibular circuit (Fig. 3A) w as scanned to determine the p oten tial

rh ythmic b eha vior that it could sustain. F unctionally similar rh ythms are manifest as the most

prominen t clusters in rh ythm space. Rh ythm space analysis sho ws the kind of rh ythmic b eha vior

that is dep enden t on the sp eci�cs of the functional net w orks, and whic h net w orks, if an y , are common

to sev eral functional states of the system.

Although the unilateral circuit giv en in [2] do es not supp ort rh ythmic b eha vior, a bilaterally

symmetric v ersion of it generated t w o clusters of rh ythms sho wn in Fig. 3B. The rh ythm clusters

app ear when there is an asymmetry b et w een the righ t and left primary a�eren t v estibular input. In

the clusters, there is an asymmetry in the length of activ ation of the neurons driving the inferior

oblique motor neurons. This asymmetry corresp onds to and con tributes to the asymmetry of the

fast phase v erses the slo w phase in n ystagm us. The t w o rh ythm clusters sho w a di�erence in motor

neuron phasing (Fig. 3C).

More recen tly , a bilateral mo del b y Galiana and Oterbridge (1984) based on ph ysiological data has

pro v en successful for predicting the linear dynamics of the slo w phase of v estibular n ystagm us [25, 15].

Although this bilateral mo del [9] is presen tly considered as the standard in bilateral mo deling of the

brainstem circuitry resp onsible for the dynamics of v estibular n ystagm us, a rh ythm space analysis

�nds that no rh ythms are generated b y this mo del without mo di�cation.

The necessary mo di�cation are found up on closer insp ection of the bilateral v ersion of the Bak er
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and Berthoz (1974) mo del. The essen tial pattern generating circuit is sho wn in Fig. 4A, where the

other neurons in the previous �gure only follo w the activit y of this circuit. One cluster in rh ythm

space is generated b y this circuit, as sho wn in Fig. 4B. A comparison with the bilateral circuit giv en in

Smith and Galiana (1991) rev eals the missing elemen t. Although there is a recurren t excitatory input

to the v estibular n uclei represen ting \e�eren t cop y", the missing in ternal detail within the v estibular

n uclei lac ks inhibitory in terneurons. These in terneurons pro vide essen tial h yp erp olarization in the

rh ythmic mo del so that reb ound prop erties of other neurons in the v estibular n uclei driv e the rh ythmic

cycle of the v estibular n ystagm us.

4 Discussion

This article has dev elop ed a metho d to analyze rh ythmic patterns that are generated b y neural

circuits. The activit y of a net w ork is represen ted b y neural states that are capable of transitions to a

�nite set of other states. Cycles on the graph of transitions are used de�ned rh ythms that represen t

the temp oral activit y patterns of neural circuits. This metho d can b e used to predict the rh ythmic

b eha vior of small net w orks found in in v ertebrates [22 , 21] or ensem bles of neurons found in v ertebrates

[23]. The di�erence is in the in terpretation of the rh ythm clusters generated b y the metho d.

The analysis of brainstem circuitry resp onsible for v estibular n ystagm us rev eals the utilit y of this

approac h in the study on the neural basis for motor b eha vior. Linear approac hes to v estibular re
exes

do not predict the switc hing from the slo w phase of the n ystagm us to the fast phase. But here the

v estibular n ystagm us is treated as a whole rh ythm and ph ysiological mec hanisms of the switc hing

b et w een phases are rev ealed. Although eac h phase of the n ystagm us recruits di�eren t subsystems of

the visual system, the im balance of v estibular input that is kno wn to b e resp onsible for n ystagm us is

sho wn to in v olv e circuitry within the v estibular n uclei to switc h b et w een eac h phase.

A deep er analysis w ould require further data to estimate the transition probabilities and the

lik eliho o d of eac h rh ythm and cluster. This further analysis w ould predict the neural activit y that

w ould b e recorded in the v estibular n uclei follo wing a lesion to the eigh th nerv e in animal preparations.

In the presen t form of the analysis giv en ab o v e, the phase resp onse of GABAergic in terneurons in the

medial v estibular n uclei during v estibular n ystagm us has b een predicted for the �rst time.

A limitation of this approac h is that the details of ey e mo v emen ts during eac h phase of n ystagm us

are absen t. The rh ythm space metho d is most concerned with the nonlinear switc hing b et w een neural

states, and the cyclical patterns that result. The dynamics of the slo w phase has b een analyzed using

linear systems approac hes (see, for example [25]) and the presen t study only addresses the rh ythmic
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c haracter of v estibular n ystagm us.

The most imp ortan t con tribution of this approac h will b e for rev ealing of synaptic connections

and cellular prop erties in neural systems where exact exp erimen tal data is lac king. F or instance,

the observ ation of phase relations b et w een recordings of bursts of action p oten tials from single cell

recordings can b e compared with motor activit y as in the previous section. New, unrecognized synap-

tic connections to recorded neurons can b e implied from these metho ds b y deducing the necessary

mec hanisms for the generation of observ ed rh ythms.
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