


biological net w ork as the e�cacy of synaptic connections. In the ongoing b eha vior of an animal, neu-

ral mo dulation b y hormones or neurop eptides is crucial to the main tenance and con trol of neuronal

activit y (Harris-W arric k et al., 1992). A formalism designed to aid in our understanding of biological

neural systems should tak e in to accoun t suc h mo dulation for a thorough description of b eha vior in

sp eci�c applications.

Recen t exp erimen tal studies of cen tral pattern generators ha v e rev ealed that the rh ythmic output

of small neural circuits can switc h b et w een elemen ts of a restricted group of stable patterns (Dic kinson

and Moulins, 1992). In fact, the idea of a pattern generator as an anatomically distinct unit has giv en

w a y to considerations of functional multiple -pattern generators that are dynamically sculpted out of a

�xed anatomical net w ork (Getting, 1989). These dynamic biological net w orks app ear to b e con trolled

b y b oth di�use application of neuromo dulators and direct synaptic stim ulation of target cells.

Man y mo delling studies designed to explore the b eha vior of small neural net w orks ha v e concen-

trated on the mem brane conductances (Ho dgkin and Huxley , l952) of the comp onen t neurons. In

these mo dels, the details of m ultiple mem brane curren ts in the comp onen t neurons are sim ulated

using coupled di�eren tial equations. Although these e�orts rev eal the b eha vior of a net w ork under

p erturbations of system parameters, the computational o v erhead of these mo dels forbids a full classi-

�cation of rh ythmic output. One ma y reduce the computational load while main taining the essence

of relev an t biological mec hanisms b y discretizing the details of mem brane conductances.

The logical complexit y of discr ete net w orks w as �rst analyzed b y McCullo c h and Pitts (McCullo c h

and Pitts, 1942) in their study of neural net w orks. These early studies ha v e since b een expanded

in to a general study of discrete automata follo wing tec hnological adv ances in digital computers. A

large class of discrete systems in v olv es cellular automata (W olfram, 1986; Kau�man, 1993) whic h

ha v e b een sho wn to generalize to discrete neural net w ork mo dels (Garzon, l990). Metho ds to analyze

these systems ha v e pro v en useful in the study of general complex systems (W eisbuc h, 1991), but suc h

metho ds m ust b e adapted to the idiosyncrasies of m ultiple-pattern generators.

Deterministic mo dels, suc h as Bo olean automata, ha v e b een used to mak e sp eci�c predictions

ab out the relation b et w een a net w ork's arc hitecture and its output. Classi�cations of net w orks ha v e

b een made using these metho ds based on symmetries (Glass, l975a) and the output dynamics (W uen-

sc he and Lesser, 1992) of deterministic net w orks. Ho w ev er, deterministic systems do not include m ul-

tiple mec hanisms that are needed to predict all p ossible output patterns of a giv en biological net w ork.

In order to scan the range of p ossibilities, one m ust study less tractable, non-deterministic net w orks.

In a non-deterministic automata, eac h state ma y mak e a transition to more that one �nal state.

This implies that the mec hanisms do not uniquely determine the outcome follo wing an y p oin t in the
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dynamics of the system. In terms of sym b olic dynamics, these systems can b e describ ed b y shifts of

�nite typ e (Lind and Marcus, 1995). Metho ds from automata theory ha v e b een applied to con tin uous

state dynamical systems in order to analyze their computational complexit y (Crutc h�eld, l994). Suc h

metho ds ha v e recen tly b een applied to neural net w ork mo dels yielding insigh ts in to the mec hanisms

implied b y their input/output b eha vior (Casey , l996), and applied to study the computations of

biologically plausible net w orks. (Ken tridge, l994).

Ho w ev er, the previous researc h has pro v en di�cult to use b y exp erimen talists who wish to kno w

what temp oral patterns a sp eci�c dynamic biological net w ork is capable of generating. Although

discrete metho ds ha v e b een applied to study cen tral pattern generators (Caianiello and Ricciardi,

l967; Glass and Y oung, l979; Huerta, l996), a metho d to classify rh ythmic b eha vior in terms of

relations b et w een di�eren t temp oral sequences is a necessary addition to the theoretician's to olb o x.

The purp ose of this letter is to in tro duce t w o new to ols for the study of m ultiple-pattern gener-

ators. First, cellular prop erties of constituen t neurons are expressed as discrete transitions on equal

fo oting with synaptically induced transitions. Secondly , similarities b et w een rh ythmic patterns are

quan ti�ed in order to classify the p ossible patterns generated b y a giv en net w ork with kno wn synap-

tic connectivit y and cellular prop erties. The set of rh ythmic patterns form a metric space where

functional ly similar patterns app ear in clusters, and eac h cluster de�nes a functional mo de of the

system. Signi�can t biological mec hanisms that di�eren tiate clusters can then b e in v estigated to help

understand ho w the net w ork na vigates through b eha vioral options.

In the next section w e mak e the necessary de�nitions for this approac h and presen t the sc heme

for iden tifying rh ythmic patterns. The follo wing section in v estigates the prop erties of the space of

rh ythmic patterns follo w ed b y a section with examples of dynamic biological net w orks. W e conclude

with a discussion of some op en mathematical questions and biological implications of this approac h.

2 Neural States and T ransition Graphs

Cen tral pattern generators are often found in motor circuits that require sustained bursts of action

p oten tials to con trol m uscle activit y . Man y of the neurons that participate in pattern generation

exhibit plateau p oten tials; long dep olarized states that arise from a bistable mem brane p oten tial

(Hartline, 1987). In the language of Rinzel (Rinzel, 1987), the metho ds dev elop ed here fo cus on the

slow mec hanisms in v olv ed in the generation of rh ythmic b eha vior. Individual action p oten tials are

considered to ha v e only a secondary e�ect on pattern generation.
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2.1 Neural States. W e will describ e the output state of our mo del neurons in terms of standard

McCullo c h-Pitts neural units (McCullo c h and Pitts, 1942), c
n

, where n = 1 ; : : : ; N , and N is the

n um b er of neural units under consideration. Asso ciated with eac h neuron is an indicator of the

mem brane p oten tial that tak es its v alues in a binary state space, ~c
n

2 Z2 , where here the excited

state ( ~ c
n

= 1) means that the neuron is �ring a burst of action p oten tials.

A network N is a set of N 2-state neurons augmen ted with synaptic connections and cellular

prop erties; N = fc1; c2; : : : ; cN

; S; Cg, where S is a set of synaptic connections and C is a set of

cellular prop erties. Both S and C formalized as transitions b et w een states and the elemen ts of S

sometimes tak e on additional parameters that denote their e�cacy . A neur al state (or c on�gur ation

(Botelho and Garzon, l991)) is de�ned b y Getting (Getting, 1989) to b e the spatial distribution of

activit y within the net w ork at an y giv en momen t in time. F or example, if at time t neuron c1 is �ring

a burst of action p oten tials, c2 is silen t, c3 is silen t, etc., then the neural state will b e represen ted

as � ( t) = [ ~ c1 ~c2 ~c3 : : : ~c
N

]( t) = [100 : : :]( t). The set of time-indep enden t neural states (ignoring the

time comp onen t) is denoted b y V = f�1; : : : ; �h

g, where h = 2

N

. W e ha v e giv en the neural states a

subscript to iden tify them without an explicit reference to time.

The cellular prop erties and synaptic connections pro vide the me chanisms ( M ) of the net w ork

that induce transitions b et w een neural states. F or eac h elemen t M of S and C there corresp onds

a collection of ordered pairs of neural states that represen t transitions, fM ( � 0

1j� ) ;M ( � 0

1j� ) : : :g. In

eac h transition, M ( � 0j� ), the initial state is giv en b y � , the �nal state is � 0
, and the mec hanism that

presen tly accoun ts for the transition is lab eled b y M .

2.2 Transition Graphs. The full set of transitions generated b y all elemen ts of S and C in

the net w ork N is denoted b y E . T ogether with the set of neural states V , the transitions de�ne a

directed graph G( V; E ) that represen ts the dynamics of the net w ork (Carr � e, 1979). In the graphical

represen tation, the set V con tains the v ertices and the set E con tains the edges. Since there is t ypically

more than one out-going edge from eac h v ertex in G( V; E ), the system is non-deterministic and can

b e though t of as a Mark o v c hain where the precise v alues of the non-v anishing probabilities are not

sp eci�ed (sometimes called a top olo gic al Mark o v c hain (Lind and Marcus, 1995)

1
).

W e no w de�ne useful cellular prop erties and their asso ciated transitions. Cellular prop erties are

used here in the sense that there are transitions that individual neurons can undergo indep enden tly

of external in
uences arising from synaptic connections. Dep ending up on the conductance prop erties

of a biological mem brane, individual neurons can either sp on taneously terminate a plateau, remain

tonically activ e, or oscillate b et w een activ e and inactiv e states. The cellular prop ert y called plate au

1The author would like to thank John Taylor for pointing out the methods of symbolic dynamics.

4



termination is in terpreted as follo ws: A neuron ( c
n

) that can terminate a plateau, but cannot activ ate

from a resting state without external in
uence, will con tribute exactly one transition to the set E ,

CP T

n

( � 0j� ) 2 E , where ~c0

n

= 0 if ~c
n

= 1.

Tw o other cellular prop erties, tonic activity and endo genous oscil lation will b e in terpreted anal-

ogously as transitions. The �rst transition, CT A

n

( � 0j� ), w orks in the opp osite direction as plateau

termination, if the neuron c
n

is inactiv e, then it b ecomes activ e. The second cellular prop ert y ,

CE O

n

( � 0j� ), results in one of t w o transitions, dep ending up on the initial state of neuron c
n

. If ~c
n

= 1

then ~c0

n

= 0, otherwise ~c0

n

= 1

The information ab out synaptic connectivit y of the net w ork adds more transitions to the set E .

Supp ose there is a synaptic connection b et w een neurons c
m

and c
n

in the net w ork N = f: : : ; c
m

; : : : ;

c
n

; : : :; S; Cg where c
n

is the p ostsynaptic neuron. A synaptic transition asso ciated with an inhibitory

c hemical synapse in S is denoted as SI

mn

( � 0j� ) where the activit y of the presynaptic neuron can silence

the activit y of the p ostsynaptic neuron so that ~ c0

n

= 0, if ~ c
n

= 1 and ~ c
m

= 1. The transition asso ciated

with an excitatory c hemical synapse, SE

mn

( � 0j� ), is de�ned in an analogous manner except that the

p ostsynaptic neuron is excited from an inactiv e.

Electrical synaptic connections cause the neurons to equalize their mem brane p oten tial so they

either excite or inhibit, dep ending on the state of the presynaptic neuron. If the synapse is a gap

junction , then either neuron can tak e the role of p ostsynaptic and presynaptic neuron. Supp ose that

~c
n

= 1 and ~c
m

= 0. Then t w o transitions are asso ciated with this connection: one with �nal state

~c
n

= 1 and ~c
m

= 1, and the other with �nal state ~c
n

= 0 and ~c
m

= 0.

Imp ortan t subgraphs of G( V; E ) for the study of rh ythmic b eha vior result from the elimination

of edges that do not satisfy certain constrain ts. F or instance, if the net w ork is in a state where one

of the neurons is hea vily inhibited b y synaptic curren ts, then it is biologically implausible that the

neuron w ould undergo a transition from a silen t state to �ring a burst of action p oten tials. One ma y

in tro duce thresholds for the neurons of the net w ork and eliminate those transitions that violate a rule

based on the sum of ionic curren ts in eac h neuron (McCullo c h and Pitts, 1942).

Let i
n

2 Z b e a p ostsynaptic curren t due to activit y of neuron n where i
n

> 0 for an excitatory

and i
n

< 0 for an inhibitory p ostsynaptic curren t. Assign a v alue C to eac h t yp e of transition suc h

that C > 0 if the transition represen ts a neuron c hanging from an inactiv e to an activ e state and

C < 0 otherwise. A transitions is eliminated b y the synaptic constrain t if

C +

X

n

i
n

� �; for C < 0

C +

X

n

i
n

� ��; for C > 0 (2.1)
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where � is a threshold and the sum is o v er all activ e presynaptic neurons.

3 Rh ythms and Rh ythm Space

W e will concen trate on the functional output of a giv en anatomical net w ork of distinguishable neurons

b ecause dynamic biological net w orks tend to recon�gure themselv es to alter their output. The em-

phasis on functional output is ac hiev ed b y de�ning a rhythm as a cycle through the transition graph,

G( V; E ), where eac h neuron participating in the functional net w ork c hanges state exactly t wice, and

the states of all other neurons in the anatomical net w ork are held �xed. This de�nition con tains

the simpli�cation that mak es our analysis p ossible, and there are sev eral plausible reasons for wh y

allo wing only t w o state c hanges for eac h neuron is not to o restrictiv e. Double bursts within a cycle

of cen tral pattern generators app ear to b e quite uncommon. In observ ed cases from the literature

(see e.g. (Miller, 1987)) it can b e argued that an observ ed double burst is actually a long plateau

that has its spik es suppressed b y inhibitory input during the middle of the plateau. A go o d reason

for allo wing only one burst for eac h neuron p er cycle is that plateau mec hanisms are slo w (Rinzel,

1987) so that small neural net w orks complete a full cycle b efore an y neuron has reco v ered from its

last burst. Larger net w orks ma y ha v e a tendency to breakup in to smaller functional sub-net w orks,

but this issue requires more detailed in v estigation.

In order to coun t the maxim um p ossible n um b er of rh ythms generated b y a net w ork of a giv en

size N , let us consider the extreme case where eac h state shares an edge with exactly N other states.

This w ould b e the transition graph of a net w ork comp osed of N endogenous oscillators. Eac h rh ythm

of the net w ork is a 2 N -cycle of transitions. T o coun t these rh ythms, the n um b er of orderings of

these transitions is equal to the n um b er of p erm utations of 2 N elemen ts (2 N !). Dividing out the

redundancy b y rotations through the eac h cycle yields (2 N � 1)! rh ythms.

A classi�cation of cyclic dynamics on transition graphs corresp onding to net w orks has b een carried

out previously (Glass, l977). Ev ery cyclic path is asso ciated with to a c o or dinate se quenc e (Gilb ert,

1958) that is the sequence of neurons that c hange state at eac h time step. According to this sc heme,

an y t w o cycles that ha v e the same co ordinate sequence are equiv alen t b y a symmetry of the transition

graph. In dynamic biological net w orks, the assignmen t of cellular prop erties to individual neurons

breaks this symmetry so that another metho d m ust b e devised for classi�cation.

3.1 Distances Between Rhythms. The functional similarit y relev an t to man y neural systems

is the sequence of bursts generated b y the comp osite neurons. Comparisons b et w een rh ythms will b e

accomplished b y in tro ducing a distance function on to the set of rh ythms to quan tify the functional
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di�erences b et w een them. Tw o rh ythms are de�ned to b e neigh b ors if their co ordinate sequences

di�er b y the transp osition of adjacen t elemen ts. F or instance, if a rh ythm con tains the follo wing

sequence of neural states,

� � � [ : : : ~c
m

: : : ~c
n

: : :][ : : : ~c0

m

: : : ~c
n

: : :][ : : : ~c0

m

: : : ~c0

n

: : :] � � � (3.1)

then its co ordinate sequence con tains the elemen ts ( : : :mn : : :). A neigh b oring rh ythm shares all the

states in the cycle but one,

� � � [ : : : ~c
m

: : : ~c
n

: : :][ : : : ~c
m

: : : ~c0

n

: : :][ : : : ~c0

m

: : : ~c0

n

: : :] � � � (3.2)

and has a co ordinate sequence with t w o adjacen t elemen ts transp osed, ( : : : nm : : :). Since these t w o

rh ythms di�er b y only one neural state, it is natural to consider them as neigh b ors in the set of

rh ythms. Our de�nition of distance is as follo ws: The distanc e b etwe en rhythm r1 and r2 is the

minimum numb er of adjac ent tr ansp ositions of c o or dinate se quenc e elements that tr ansforms r1 into

r2 . This op eration is symmetric with resp ect to the rh ythms and satis�es the triangle inequalit y so

it quali�es as a distance. Th us, w e ma y de�ne a rhythm sp ac e , R, as a set of rh ythms R along with

metric, d : R � R ! Z+ [ f0 g as de�ned ab o v e. Note that this de�nition of distance di�ers from

the Hamming distance (Hamming, 1986) whic h measures the o v erlap b et w een t w o strings of binary

n um b ers; the distance function in tro duced here in v olv es the adjacen t transitions to the neural states

that do not o v erlap.

Tw o neigh b oring rh ythms ha v e a strong functional similarit y b ecause most of the activ ation se-

quence is preserv ed under translation b y one step in rh ythm space. This observ ation is particularly

imp ortan t when considering net w orks that consist of motor neurons or a net w ork that drives motor

neurons. The sequence of neuronal activ ation will translate in to a sequence of m uscle con tractions.

Tw o rh ythms that lie far apart in rh ythm space will corresp ond to v ery di�eren t mo v emen t patterns,

and neigh b oring rh ythms will generate similar mo v emen ts.

4 Rh ythmic examples

Examples of rh ythm generating net w orks are presen ted in this section to illustrate the concepts of

rh ythm space. The follo wing t w o examples are simple oscillator net w orks that generate all p ossible

rh ythms when no constrain ts are applied to the transition graphs. These examples demonstrate the

complex geometric structure of rh ythm space. The last example is from a w ell kno wn biological system

(Getting, 1989) that has giv en rise to mo dern conceptual approac hes to cen tral pattern generators.
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The net w ork is of in terest here b ecause it con tains m ulticomp onen t synapses, and our analysis rev eals

the sp eci�c comp onen ts that are necessary for the generation of viable rh ythms.

4.1 Oscillator Networks. The simplest rh ythm generating net w ork to b e in v estigated here is

an abstract 2-neuron net w ork where the maxim um n um b er of rh ythms is (2 N � 1)! = 6. An example

of suc h a net w ork w ould b e t w o endogenous oscillators connected b y excitatory c hemical synapses,

N = fc1; c2 ; fSE

1; 2;S
E

2; 1g; fC
E O

1 ;CE O

2 gg as sho wn at the top of Fig. 1A. The transition graph is sho wn

in middle of Fig. 1A. The six rh ythms are are represen ted b y the follo wing sequences of states, follo w ed

b y their asso ciated co ordinate sequences.

r1 : [10][00][01] [00] ; (1221) r2 : [11] [10][00][01] ; (2121)

r3 : [11][01][00] [01] ; (1221) r4 : [10] [11][01][00] ; (2121)

r5 : [11][10][11] [01] ; (2211) r6 : [10] [11][10][00] ; (2211) :

(4.1)

Although rh ythms are cyclical, w e ha v e adopted the con v en tion of writing the rh ythm b eginning

with the transition in whic h the �rst neuron c hange state from 0 to 1. The structure of r1 tells us

that it has t w o neigh b ors b ecause there are only t w o transp ositions of adjacen t co ordinate sequence

elemen ts that transform the rh ythm. The transp osition of the �rst co ordinate sequence elemen t with

the second transforms r1 in to r4 . Th us, the distance from r1 to r4 is d( r1; r4 ) = 1. These t w o rh ythms

are sup erimp osed on the transition graph of . The transp osition of the last t w o co ordinate sequence

elemen ts yields r2 . Con tin uing in this manner one is able to map out the rh ythm space as sho wn at

the b ottom of Fig. 1A. It is in teresting to note that r2 and r4 are orien ted in that they mak e a lo op

through the states in opp osite directions, while the other four rh ythms are non-orien ted since they

double bac k on to themselv es. Th us, the distance from r2 to r4 m ust b e greater than one since the

transformation m ust pass through a non-orien ted rh ythm in order to switc h the orien tation.

A similar net w ork that generates only one rh ythm is sho wn in Fig. 1B for comparison. Here

the cellular prop erties ha v e b een c hanges from endogenous oscillation to plateau termination so that

there is no mec hanism that can excite either neuron if the neural state is [0 0]. Th us, the rh ythm

space consists of a single rh ythm. These t w o example sho w ho w c hanges in the cellular prop erties

can c hange the p oten tial b eha vior of anatomically equiv alen t net w orks.

The distances b et w een rh ythms generated b y a 2-neuron net w ork are nev er great enough to il-

lustrate the di�erences b et w een rh ythms that are separated b y a large distance in rh ythm space.

Connecting a third oscillating neuron with gap junctions to our example net w ork demonstrates the

complexit y of rh ythm space. Cycles on the transition graph of a 3-neuron net w ork ma y b e depicted

b y cyclical paths on cub es (Glass, l975a; Glass, l975b) as sho wn in Fig. 2A. The �gure sho ws an
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arbitrary cluster of rh ythms in the space of rh ythms generated b y three oscillating neurons. Eac h

line b et w een cub es represen ts a distance of one so that the rh ythms form a con tiguous set in rh ythm

space. The �gure is organized so that the rh ythms on eac h ro w are mem b ers of dynamic al e quivalenc e

classes determined b y symmetries of the cub e (Glass, l975a). In the classi�cation sc heme presen ted

here, rh ythms are considered similar if they are near neigh b ors in rh ythm space as sho wn in the

�gure.

The full rh ythm space for three oscillating neurons con tains 120 rh ythms and exhibits a compli-

cated top ology with sev eral lo ops and in terconnections b et w een dynamical equiv alence classes. Since

the paths on the transition graph are de�ned to b e cycles of length 2 N , the rh ythms ma y also b e

represen ted b y hexagons (or 2 N -gons for N -neuron net w orks). Eac h hexagon in Fig. 2B represen ts

a symmetry class of rh ythms where the inscrib ed solid lines connect co ordinate sequence elemen ts

in v olving the same neuron. Beside eac h hexagon is a represen tativ e example of the class from Fig. 2A,

and the letters surrounding the hexagons corresp ond to co ordinate sequence elemen ts of eac h example

rh ythm. The symmetry classes extend laterally to form lo ops in rh ythm space through neigh b oring

mem b ers of adjacen t symmetry classes. The n um b er of mem b ers in eac h symmetry class is giv en b e-

side the corresp onding hexagon and is computed b y coun ting the symmetries of the inscrib ed �gure

in eac h hexagon, mo dulo rotations.

4.2 Multicomponent Synapses in a Biological Network. The escap e re
ex of the marine

mollusk T ritonia diome de a is a swimming resp onse generated b y a rh ythmic neural net w ork (see

(Getting, 1989) for review). Swimming consists of alternating dorsal and v en tral 
exions correlated

with bursts of activit y in t w o motor neuron p o ols. The alternating bursts of motor neurons are

driv en b y a premotor cen tral pattern generator (Dorsett et al., l976) that consists of three neuronal

t yp es in terconnected with b oth inhibitory and excitatory c hemical synapse. An in teresting asp ect

of the pattern generator is that it con tains m ulticomp onen t synapses (Getting, 1983); synapses that

generate b oth excitatory and inhibitory p ostsynaptic p oten tials on di�eren t time courses (Fig. 3A).

There are three p opulations of premotor in terneurons: the dorsal swim in terneurons (DSI) that

driv e the dorsal motor p o ol, the v en tral swim in terneurons (VSI) that driv e the v en tral motor p o ol,

and C2 in terneurons that aid in generating a functionally appropriate rh ythmic pattern. F or a viable

swim resp onse, the DSI and VSI m ust �re out of phase with eac h other during some p ortion of

the swim cycle. Otherwise the dorsal and v en tral m uscles will simply co-con tract, immobilizing the

mollusk.

An external source driv es the DSI neuron to tonic excitabilit y , th us initiating the swimming

resp onse. There are no iden ti�ed pacemak er neurons, th us the pattern is generated completely b y
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the synaptic in teractions. The prop erties of this net w ork can b e in v estigated using the metho ds

of this article b y carrying out the analysis on the circuit diagram in Fig. 3A. The net w ork will b e

represen ted b y N
T r itonia

= fDSI; V SI; C 2; S; fCT A

D S I

;CP T

V S I

;CP T

C 2gg. There are t w o approac hes that

one ma y tak e when dealing with the m ulticomp onen t synapses. First, b oth excitatory and inhibitory

synapse ma y b e included to represen t the m ulticomp onen t synapse,

S = f SI

DSI, VSI;S
I

C2, DSI;S
I

C2, VSI;S
I

VSI, DSI;

SE

DSI, VSI;S
E

C2, DSI;S
E

C2, VSI;S
E

DSI, C2g (4.2)

where in SI

M, N , M is the presynaptic neuron and N is the p ostsynaptic neuron. Alternately , sev eral

analyses ma y b e run with di�eren t com binations of a single synapse represen ting eac h m ulticomp onen t

synapse to determine whic h comp onen ts are necessary for the pattern generation:

S ( a1; a2; a3 ) = f Sa 1

DSI, VSI;S
a 2

C2, DSI;S
a 3

C2, VSI;

SI

VSI, DSI;S
E

DSI, C2g (4.3)

where a
i

= I or E .

The �rst approac h generates a large con tiguous cluster of 44 rh ythms whic h can b e compared to

the exp erimen tal results (Getting, 1983). Only one or t w o of the rh ythms represen t the sequence of

neural state transitions that are observ ed in the biological net w ork, and in 9 rh ythms VSI �res only

in phase with DSI leading to the inappropriate motor b eha vior describ ed ab o v e. One ma y try to

reduce the n um b er of rh ythms b y applying the synaptic constrain t (eq. 2.1), but if the threshold is

set at � = 0, then no rh ythms surviv e the constrain t, and with � = 1, all 44 of the rh ythms surviv e.

The reason for this \all or nothing" result from the constrain t is that our metho d do es not tak e in to

accoun t the time courses of the m ulticomp onen t synapses. The constrain t coun ts the curren ts of

all synaptic conductances sim ultaneously , th us eliminating more than is realistic when the threshold

is set lo w. Otherwise, all of the synaptic curren ts can act without regard to temp oral ordering to

generate man y spurious rh ythms that do not follo w from the synaptic time courses of the biological

net w ork.

In order to tease out the imp ortan t comp onen ts of the synaptic dynamics, w e tak e the second

approac h of using a single synaptic connection to represen t eac h m ulticomp onen t synapse. A sys-

tematic study of the net w ork with synaptic connections S ( a1; a2; a3 ) rev eals that only a limited set

of comp onen ts are necessary for rh ythm generation. With no synaptic constrain ts applied, S ( I; E; I )

and S ( I; I; I ) generate no rh ythms. Under the synaptic constrain t with � = 0, three of the synapse

sets generate rh ythms. These are S ( E; I; E ), S ( E; I; I ), and S ( I; I; E ) whic h generate the rh ythms
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sho wn in Fig. 3B. The rh ythms generated b y S ( E; I; E ) are n um b ered 1, 2, and 3, the net w ork de�ned

b y S ( E; I; I ) generates 1, 4, and 5, and S ( I; I; E ) generates n um b er 3. The rh ythm most consisten t

with neuroph ysiological recordings (Getting, 1983) is n um b er 2, while rh ythm 3 ma y b e consisten t

with the last cycle of the escap e resp onse.

T ak en together these rh ythms form a single cluster in rh ythm space sho wing that all three con-

nectivit y sets generate functionally similar rh ythms. Y et up on closer insp ection it b ecomes clear

that rh ythm 5 is do es not allo w DSI and VSI to �re out of phase with eac h other. Note that this

rh ythm lies furthest from the rh ythms consisten t with ph ysiological recordings. This example sho ws

the functional meaning of the measure used in rh ythm space. The rh ythms that are within a distance

of 1 or 2 to the rh ythm that represen ts normal activit y of the swim cycle are still able to generate

a viable escap e resp onse. F urther a w a y the system generates rh ythms that are functional ly distant

in the sense that the viable resp onse is not adequately p erformed. This analysis tells us that certain

phases of the synaptic resp onses are more imp ortan t that others for generating viable rh ythms.

5 Discussion

The main ob jectiv e of this w ork is to fashion to ols that are useful in the study of biological neural

net w orks that exhibit complicated b eha vior. Rather than utilizing a con tin uous approac h of dynamical

systems, discrete metho ds ha v e b een c hosen so that a classi�cation theorem for rh ythmic net w orks

b egins to emerge. This will help to �ll the gap b et w een sim ulation studies of biological net w orks and

a global understanding of the systems. The lac k of classi�cation theorems for nonlinear dynamical

systems in higher dimensions lea v es one to prob e the parameter space of a conduction-based sim ulation

to gain an o v erall mapping of the exp ected b eha vior. The in ten t here is not to dev elop another

metho d to analyze coupled oscillators, but to dev elop a w a y of understanding the b eha vior of complex

automata with a rule base that can b e tailored to biological problems. The result unco v ers some

in teresting mathematical questions as w ell as op ens the do or to some p oten tially useful biological

applications. A soft w are implemen tation of the concepts presen ted here is a v ailable b y anon ymous

ftp at reed.edu/reed/users/proberts.

An imp ortan t mathematical question relates to the structure of rh ythm space. W e ha v e b een

unable to deriv ed a simple form ula to measure the distance b et w een t w o rh ythms as describ ed ab o v e.

The calculations ha v e b een done in an iterativ e fashion b y �nding the nearest neigh b ors of the rh ythms

of in terest and con tin uing un til a region of rh ythm space large enough to con tain all of the rh ythms

is mapp ed out. Since the n um b er of elemen ts in rh ythm space increases as (2 N � 1)!, this metho d
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b ecomes impractical for an y but the smallest net w orks. Another op en question is what the greatest

distance b et w een t w o rh ythms is in terms of the n um b er of neurons. Rh ythm space app ears to ha v e

a ric h and regular structure, and more researc h is needed to resolv e these issues.

Once a net w ork has b een analyzed to classify the rh ythms so that their p ositions in rh ythm space

ha v e b een determined, it migh t b e useful to rate the rh ythms in terms of probabilities from the most

lik ely to the least. A t ev ery state from whic h there is more than one transition p ossible, a probabilit y

ma y b e assigned to eac h transition dep enden t on cellular and synaptic factors. Suc h an assignmen t

has already b een in tro duced in the constrain ts where w e eliminated transitions b y e�ectiv ely deeming

them \imp ossible." This approac h could b e made more precise leading to the pro duct of the transition

probabilities in a rh ythm to compute the relativ e probabilit y of eac h rh ythm. Suc h a ranking w ould

b e useful for predicting observ ations in real biological net w orks, estimating c hanges that need to b e

made to alter the output sequence, and what rh ythmic c hanges can b e exp ected as certain transition

probabilities are v aried.

The in tro duction of probabilities can also help to compare rh ythms that in v olv e di�eren t n um b ers

of neurons. In its presen t form, rh ythm space is useful only for comparing rh ythms in v olving the

same n um b er of neurons. This is due to the restriction that in a rh ythm eac h neuron c hanges state

exactly t wice. One could allo w a rh ythm to b e expanded with sub-rh ythms in v olving subsets of

the neurons considered in the main rh ythm. Suc h an expansion w ould con v ert an N -rh ythm in to

an N + N 0
rh ythm where N 0 � N is the n um b er of neurons in the sub-rh ythm. Due to the large

n um b er of p ossible expansions, the in tro duction of probabilities w ould help to c ho ose only the most

prominen t rh ythms for comparison. W e exp ect that after considerations of eac h neurons burst length

and reco v ery p erio d, there is a certain optim um rh ythmic p erio d that w ould suppress most of the

generated rh ythms.

As parameters suc h as transition probabilities are in tro duced in to the formalism, one mo v es a w a y

from formal classi�cation and in to biological mo deling. T o b e sure, a rhythm as de�ned ab o v e is

not what one observ es in recordings of neuronal activit y in dynamic biological net w orks. In order

to con v ert rh ythms in to a form that can b e compared with data, the time courses of the transition

mec hanisms m ust b e considered. Eac h time step of a rh ythm lasts as long as the time course of

the next transition. V arying degrees of precision can b e in tro duced un til the con v erted rh ythm

b est matc hes observ ations within exp erimen tal error. An application to the stomatogastric ganglion

(Johnson and Ho op er, 1992) using this approac h has led to exp erimen tal predictions (Rob erts, 1997)

rev ealing the existence of mec hanisms that w ould not b e ob vious from the study of a single rh ythm.

Th us, the formalism presen ted here not only treads up on some ric h mathematical territory , but can
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aid our understanding of the mec hanisms in v olv ed in dynamic biological net w orks.
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Figure 1: Two neur ons. (A) T op: A net w ork of t w o neurons connected b y excitatory c hemical

synapses. Eac h neuron is an endogenous oscillator. Middle: The transition graph asso ciated with

the net w ork. The path through the transition graph of t w o rh ythms generated b y this net w ork are

sho wn. If the transition that silences neuron 1 in r1 is transp osed with an adjacen t transition that

excites neuron 2, then rh ythm r1 is c hanged in to rh ythm r2 . Bottom: Rh ythm space of the net w ork.

(B) T op: The same anatomical net w ork as (A), but here the neurons exhibit plateau termination.

Middle: The transition graph for this net w ork including the only cyclic path that represen ts rh ythm

r5 . Bottom: The rh ythm space con tains only one p oin t.

Figure 2: The structur e of rhythm sp ac e. (A) Eac h cub e displa ys a cycle that represen ts a rh ythm of

the 3-oscillator net w ork describ ed in the text. Solid lines b et w een cub es represen t a distance of one

in rh ythm space. (B) A hexagonal represen tation of rh ythms and the asso ciated path on the cub e.

Num b ers quan tify the mem b ers in eac h dynamical equiv alence class.

Figure 3: R hythms of the swim r esp onse network. (A) The pattern generating net w ork studied in

the text. Filled circles are inhibitory synapses and T-bars are excitatory synapses. Mixed synapses

indicate m ultiple comp onen ts. (B) Fiv e rh ythms generated b y 3 di�eren t c hoices of synaptic comp o-

nen ts. Connecting lines represen t a distance of one in rh ythm space. (C) The same rh ythms as (B)

represen ted b y cycles on cub es.
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