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Abstract Dynamicsof spike-timing dependentsynaptic
plasticityareanalyzedor excitatoryandinhibitory synapses
onto cerebellarPurkinje cells. The purposeof this study is
to placetheoreticalconstraintson candidatesynapticlearn-
ing rules that determinethe changesin synapticefbcay
due to pairing complex spikes with presynapticspikes in
parallel Pbersand inhibitory interneuronsConstraintsare
derived for the timing betweencomple spikes and presy-
napticspikes,constraintghatresultfrom the stability of the
learningdynamicsof the learningrule. Potentialinstabili-
tiesin the parallel Pbersynapticlearningrule arefoundto
be stabilizedby synapticplasticity at inhibitory synapsesf
the inhibitory learningrules are stable,and conditionsfor
stability of inhibitory plasticity are given. Combiningexci-
tatory with inhibitory plasticity provides a mechanismfor
minimizing the overall synapticinput. Stablelearningrules
areshown to be ableto sculpt simple-spile patternsy reg-
ulating the excitability of neuronsin the inferior olive that
giveriseto climbing Pbers.

Keywords Cerebellum Learning- STDP- Modeling -
Vestibular

Understandincghow the central nenous systemprocesses
temporalinformationis a prominentchallengefacing neu-
roscienceaoday Our understandingg particularlypoorcon-
cerning the connectionbetweensynapticplasticity at the
cellularlevel andthe dynamicsof actualactiity patternsas
examinedin systems-leel studies.The cerebellunoffersa
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uniqueopportunityto investigatethis connectiorusingcom-
putationaktudiesbecausef theanatomicategularity of the
cerebellarcortex (Llinas,1975, andbecausef compelling
evidencefor synaptic plasticity at several sites within the
cerebellum(Hanseletal., 2001).

The presentstudyaddressethe propertiesof associatve
depressiorat parallelPbersynapsesnto Purkinjecell den-
drites(Ito et al., 1982. Associatve depressionreferredto
aslong-termdepressiorfLTD) (Ito, 1989, arisesfrom con-
junctive stimulation of parallel Pbersand climbing bPbers.
Eachclimbing Pberspike producesa strong depolarization
of the Purkinjecell dendritesghat opensvoltagegated Ca?*
channelgLlinasand Sugimori,1980. This inRow of Ca?*
hasbeenshown to be essentiafor theinductionof thisform
of LTD (EkerotandKano, 1985 Sakurai,1989. Thereis
alsoevidenceof non-associatie enhancemendn the paral-
lel PbersynapticefPcay whenstimulatingthe parallelbber
alone(Sakurai,1989. Experimentsn vivo suggesthatthis
enhancementanreversethe associatve depressiorfEkerot
andJorntell,2003.

Theoreticalstudies(Albus, 1971, Marr, 1969 have sug-
gestedthat synapticplasticity could leadto learningat a
systemdevel, but thesestudiesare complicatedby the ef-
fectsof compleities in the circuitry, suchasthe feedback
loop from Purkinjecell outputto climbing Pberinput. It is
thereforedif bcultto determinewhateffect, if any, the plas-
ticity thathasbeenobsened empirically hasonthedynamic
processethattake placein the cerebellarcortex. Thefeed-
backloop can have animportanteffect on the stability of
learningdynamicsaswe shaw in the presentstudy

Anotherimportantreasonfor dif Pculty is thatempirical
studiesof synapticplasticity in the molecularlayer of the
cerebellarcortex have beencarriedout in mary different
preparationsyesultingin conclusionsthat appearcontra-
dictory (Mauk, 1997. Thereis wide disagreementn the
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literatureasto the exacttiming relationbetweerthe parallel
Pberinput and climbing Pberresponsehat is requiredfor
cerebellanong-termdepressior(LTD) (Mauk, 1997). Part

of this disagreemenmnay be dueto the useof very different
preparationsExamplesinclude the intact cerebellum(lto

etal., 1982, in vitro slice preparationgCrepelandJaillard,
1997 Hirano, 1997, Ito, 199Q Schreursand Alkon, 1993

Schreurst a., 1996, andculturedneuronglL ev-Rametal.,
1995 Lindenetal.,1991). Thepossiblerangefor thetiming

requiredto induceLTD hasbeenreportedto extend from

the comple-spike preceding the parallel Pberstimulation
by 1.75 sec(Karachotet al., 1994 to the comple-spike
following the parallel bberstimulationby 250 msec(Chen
andThompson1995.

In spite of this disparity in the timing relations, there
seemso be agreementhattheinductionof LTD requiresan
elevated concentratiorof Ca?* in Purkinjecell dendritesin
conjunctionwith binding of glutamateat the parallel bber
synapséLindenandConnor 1993 (or releaseof nitric ox-
ide by aspike in the parallelPbers(Lev-Ramet al., 1995).
The presenceof voltage-gited Ca?* channelsin Purkinje
cell dendritesimplies that synaptic plasticity can be very
sensitve to the presenceof inhibitory input, and the tim-
ing relationscould be shapedaccordingly(Callavay et a.,
1995. It hasbeensuggestedhat C&* releasefrom inter
cellular storesmay be the main factorfor synapticchange,
a mechanismthat resultsin drasticallydifferenttiming re-
lations (Fiala et al., 1996 Houk and Alford, 1996 Miyata
et al., 2000. In addition, inhibitory postsynapticcurrents
in Purkinje cells alsoshawv signsof plasticity (Kanoet al.,
1992 that enhancesnhibition when inhibitory inputs are
pairedwith postsynapticepolarizationTheinhibitory cur-
rentsalso show anon-associate reductiorwhentheneuron
is hyperpolarizedr in thepresencef C&* chelatordKano
etal., 1992.

Recenempiricalstudyof parallelPbersynaptigplasticity
have revealedthata form of non-associatie long-termpo-
tentiation(LTP) reversestheLTD causedy pairingparallel-
Pber spikes with complex spikes (Lev-Ram et al., 2002
Coesmanstal.,2004). Suchreversibility of LTD isessential
for thesystento avoid saturatiorof thesynapticstrengthdy
noise f therewerenoformof LTPthatreversedtheeffectsof
compl-spikeinducedassociatie LTD, thenrandonxclimb-
ing bPberactiity would depresshe systempermanently

Theoreticalstudiesof spike-timing dependenplasticity
(STDP) canhelp to predict the physiological STDP learn-
ing rule in Purkinjecells becauseeachSTDP learningrule
hasdynamicconsequencedhatcouldexplainhow cerebellar
LTD leadsto obsered systems-lgel adaptationA classof
STDPlearningrulesthat haswell-understoodearningdy-
namicsis characterizethy anassociatie depressiocompo-
nentandanon-associate potentiationcomponen{Roberts
andBell, 2000 Williams et al., 2003 Rumseg/ and Abbott,
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2004). For thisclassof STDPlearningrules,if thetimedelay
betweenthe EPSPandthe LTD interval is too great,insta-
bilities will develop (Roberts2000a Williams etal., 2003
that would be evidentin in vivo simple-spile recordings.
Instabilitieswould manifestsas temporaloscillationsin the
simple-spile rate,oscillationsof afrequeng determinedy
the mismatchbetweerthe learningrule andthe efbcay of
the presynaptidor causinga postsynaptispike.

While someneuronakystemsrewell enoughunderstood
to justify theconstructiorof detailedcompartmentamnodels
in which various conductancesnd their spatial distribu-
tion are modeled the high dimensionalityof the parameter
spacein thesemodels,andtheir complex dynamicsmeans
that a greatamountof preliminary experimentaldatamust
becollectedbeforethemodelcanbeconsideredbiologically
realistic(Traubetal.,1991). Thisis particularlytrueof cases
whena circuit with differenttypesof neuronamustbe mod-
eled.Althoughmuchis known aboutconductancem cere-
bellarPurkinjecells,detailedmodelingpresentformidable
computationathallenge¢DeSchutteandBower, 1994) that
limits testingneuronabehaior onthenetwork level. These
difbcultiescanbe partially avoided by subsuminghe com-
plexities of the simple spike generationmechanisminto a
singlevaluethatrepresentshe spike thresholdof the mem-
branepotential(Abbott andKepler 1990. A large classof
neuronaimodelsthatincorporatesucha spike thresholdare
called integrate-and-fire models(Jacket al., 1975 Stein,
1967).

A variation of the integrate-and-brethe spike response
model (Gerstnerand van Hemmen,1992, approachuses
more realistic representation®f postsynapticpotentials
(Gerstner 1998. Typically, the time-courseof dendritic
integration is assumedad hoc to yield exponentialdecay
with an experimentallyderived time constantOn the other
hand,if the membranepotentialis recordedat the soma,
and the spikes are generatechearthe soma, then a more
realisticrepresentationf postsynaptigotentialswould be
preciselythosepostsynaptipotentialsecordedvhenpresy-
naptic Pbersare stimulated We representethe neuronsof
thecerebellumandassociateducleiasspike-responsenod-
elsto evaluate the learningdynamicsinducedby comple
spike-timingdependenplasticity (CSTDP).

In the study reportedhere,we utilize a mathematicabp-
proachthatsimplibesthe taskof investicating the effectsof
differentsynapticlearningrules.This approaclhis designed
to characterizehe network dynamicsthat resultwhenthe
exacttiming of the pre-and postsynaptieventsdetermine
the amount of synaptic change(Robertsand Bell, 200Q
Roberts2000a Williams etal., 2003. Our goalis to derive
theoptimal CSTDPIlearningrule at Purkinjeandstellatecell
synapsegor stable,systems-leel learning.In addition,we
shav thatwhenplasticityis presenatbothexcitatoryandin-
hibitory synapsegshenthesynapticefbcaciesreminimized
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so that the minimum numberof synapsesre non-zeroas
recentlydescribedIsopeandBarbour 2002 Bruneletal.,
2009.

Mathematical methods

The basicframeavork of the model was to repeatedlyasso-
ciate (or pair) a climbing Pberspike patternwith a series
of adaptablesynapticinputsthatrepresenparallelbPberand
inhibitory interneuronsWe assumedthat the onsetof the
adaptve synapsesvas correlatedn time with the beginning
of the climbing Pberpattern.Specibcallythe onsetof each
adaptablepostsynaptigotential (PSP)had a differentde-
lay from the beginning of eachpresentatiorf the climbing
bPberpatternsothatthetotal adaptablénputformeda series
of overlapping PSPFig. 1(A)). During eachparallel-Pber
or stellate-cellspike, the synapticstrength(weight) wasin-
crementallychangedby a non-associate learningrate.In
addition, if a comple spike occurredduring an associa-
tive window determinedy anSTDPlearningrule, thenthe
synapsavasdepressedlhe modelpredictecthe changesn
thesimple spike probabilityof a Purkinjecell duringassoci-
ationwith comple spike patterns.

Eachrepetitionof pairedinputswas parametrizedwith
the variabler representinghe evolution of the systemdur-
ing repeatedairings.The time following the beginning of
eachpairing stepdenotedby x,, = n(Ax) with Ax denoted
atime step during the pairing andn aninteger. Thus,the
representationf timein themodelhasbeenbrokeninto two
components(x,, t), wherex, denotesthe time following

A

a pairedstimulus or motor command,and ¢ representshe
numberof cycles.If T is the period of the stimuluscycle,
then(x, + T,t) = (x,,t + 1). Thesecoordinatesllow usto
separateslow processeg$rom fastprocessesvheret is the
slow-procesgarametethattractstheinf3uenceof synaptic
plasticity, and x, is the fast-procesparametetthat tracks
the neuralactiity within eachstimuluscycle. The model©®
predictionof the peristimulushistogramhasx, astheinde-
pendentvariable, and the histogramchangesas a function
of . The anatomicalconnectvity representedn Fig. 1(A)

identipeghechiefelementof themodel.

The model neuronswere representeds a single com-
partmentpike responsenodel (Gerstneandvan Hemmen,
1992. This mathematicalapproachhas beenused previ-
ously in other systems(Abbott and Blum, 1996 Gerstner
etal., 1993 RobertsandBell, 2000 to evaluatethe effects
of STDP learningrules. The formalismof spike-response
modelsalows usto complemenbur simulationstudieswith
analyticalresultsthat will provide a deepertheoreticalun-
derstandingf our predictions.Eachmodelneuronwas as-
signedatime dependentmembrangotential,V (x,, ¢). This
functionrepresentetheresultof voltagerecordingsf they
weremadeatthespike-generatiorzone,anda spike occured
wheneer the membranepotentialof a neuronexceededa
thresholdp.

The membranepotentialwas assumedo be inBuenced
by mary randomprocessebeyondthecontrolof theinvesti-
gator. Therefore we representethe membranepotentialas
a randomvariable with a normal (bell-shapedyistribution
function. The meanvalue of the membranegotentialis rep-
resentedby V (x,, r) with avariancgLevine,1991) suchthat

Bo=F w;
(9) w

stimulus
gu

Fig. 1 Stochastic model of the cerebellum. (A) Thesynapticconnec-
tivity of the cerebellummodel. The Purkinje cell (PC) simple-spile
probability (Py,) is computedfrom the sum of adaptive inputsfrom
parallel Pbersand stellatecells (st). Theseadaptve inputsare corre-
latedin time with differentdelays(xi, xo, ..., xy) fromthebeginning
of eachstimuluspresentationThe PC outputinhibiteda cerebellatar-
get nucleuscell (CN), thatinhibited a cell in the inferior olive (10).
The spike probability (P;,) was usedto generatethe complex spike
pattern(P.,) thatwaspairedwith the spike timesof the parallelbber
andstellatecell inputsto apply the STDPlearningrule onthe synaptic
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weights (w?, w?, ..., w andw!, w?, ..., w™). The model neurons

summedtheir synapticinputs, plus noise,to generatea spike when-
ever the total membranegpotentialreacheda threshold.(B) Top panel
shaws the excitatory parallel-bbel(e. (x,)) andinhibitory stellatecell
(e: (x,,)) postsynapticurrentmultiplied by the synapticweightsin our
modelPurkinje cell. Thebottompanelshavs candidateSTDPlearning
rulesfortheparallelbber(e, + B.L.(x,), with 8, < 0) andstellatecell
(a; + BiL;(x,), with B; > 0) synapsealenotingtheweightchangefor a
given delay betweerthe onsetof the PSPanda complex spike
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theactiity couldbe quantibedy thespike-probabilityfunc-

tion, P(x,, 1) = (L+ exp(" u(V(x,, 1)" 6))) L. Thevalue

of thespike-probabilityfunctionistheprobabilitythataspike

will occurduringtime-stef(x,, ¢). ThefunctionP (x,, ¢t) has
asigmoid formin V andavalueof 1/2at V (x,, t) = 6. The

meaninstantaneouspike frequeng could be obtainedby

dividing the probability function, P (x,, t), by the absolute
refractoryperiod,Ax. Thus,whenthemembrangotentialis

high above thethreshold the neuron§outputsaturatest its

maximumfrequeny, determinedy therefractoryperiod.

Adaptive synapticinputsfrom parallelPbersandstellate
cells contrituted to the modelneuron®membranepotential
linearly througha weightedsum of PSPs.The PSPswere
correlatedn time with the beginning of eachstimuluscycle
suchthatthey arrived as a seriesof delayedsynapticinputs.
The use of delay-lineshereis intendedto approximatethe
recurrentdynamicof thegranulecellsinteratingwith Golgi
cellsto generateorrelatedparallelbberspike patternawith
respecto mossybberstimulations(BuonomanandMauk,
19949). The delayedinputs generatea basis set thatcanbe
usedto generata temporalpatternin Purkinjecellswith an
appropriateadjustmentof weighting factors(de Vries and
Principe,1992.

The waveform of eachPSPwas representedby kernel
functionsie,(x,) for excitatoryPSPsande; (x,) forinhibitory
PSPs.The kernel functionswere bt to Purkinje cell PSPs
and x = O representedhe time that the presynapticspike
prstreachedhe synapse(seeFig. 1(B)). The kernelswere
normalizedsuchthat) ", €.(x,) = 1. The PSPgeneratedy
eachsynapticinput was obtainedby multiplying eachker-
nel by a weighting factor w’ for excitatory PSPsand w?
for inhibitory PSPswheren denoteghetime, x,,, from the
beginning of eachstimulus cycle when the synapseiniti-
atedits PSPAt eachtime-stepin thex-componentup to the
limit for temporallycorrelatecadaptveinputsweassociated
synapsesvith an excitatory PSPequalto w’ (f)e.(x,, " x,)
andaninhibitory PSPequalto w!(t)e;(x,, " x,). The con-
tribution to the averagemembranepotential,V4(x,,, t), by
theadaptve synapticinputsin the molecularayerwas then
computedo bethesum of all PSPs,

Valxp,t) = Z wh(t)ee(xm " x,) + Z wi ()€ (xm " Xp).
(1)

wheretherangeof the sum over n representethe limits of
temporallycorrelatednput.

The model synapsesepresentpopulationsof parallel
Pbersor stellate cells that bre at approximatelythe same
time relative to the associatedstimulus. Thus, the synap-
tic weights, w’(¢) and w’(¢), combinethe presynapticre-
lease probability, the postsynapticquantal size, and the
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number of active zones,where the timing of presynap-
tic spikes are simultaneouswithin the precision of the
model.

The time-dependendactivity of Purkinje cells was mod-
eled in accordancewith the connectvity representedn
Fig. 1. Throughoutthe stimulus cycle, a delayedsequence
of EPSPsvas modeledasarriving at the Purkinjecell den-
drites. The sequenceavas temporallycorrelatedo the phase
of thestimulation,while uncorrelatedinitswererepresented
asnoise.

The output of a Purkinje cell was representedy two
spike probability functions.The brst, P, (x,, t), quantibed
theprobability of asimple spike, wherex, denotedhephase
of thestimulationthatbegan at times = 0. Thesecondspike
probability function, P.(x,, t), representedhe analogous
function for the comple-spikes. However, this latterfunc-
tion differsfrom the correspondingimple-spile probability
function in that it doesnot directly dependon the Purk-
inje cell® membranepotential.Instead the complec-spike
probabilityfunctionsdepend®n the membranepotentialof
neuronsn theinferiorolive, suchthat P, (x,, 1) = Pi,(x,, 1)
asshovnin (Fig. 1(A)).

Thesimple spike probabilityfunctionwasrepresentety
the sigmoid function of the parallelPbercontrikution to the
averagemembrangotential,

1
1+ ¢ ro(Valin) 6)°

Py(xp, 1) = P(Va(x,, 1)) = 2
whered,, isthesimple spike thresholdand i, parametrizes
thenoisein the Purkinjecell.

For thecerebellaiSTDP learningrule, thedendriticspike
that determinedsynapticplasticity was representedby the
comple-spike (Llinas and Sugimori, 1980. In addition,
the PSPtime coursesweretaken from in vitro intracellular
recordingf Purkinjecellsfollowing stimulationof parallel
PbergNealeet al., 2007 (Fig. 1(B)). Theaveragechangen
synapticweight per cycle wasgiven by the non-associatie
weight changeminusthe averageassociatie change aver-
agedover theprobabilityof comple spikes(Roberts2000a
Williams etal., 2003,

AwL(6) = e+ Y BeLo(n " %n) Pes(m, 1) €)

A similar STDP learningrule was usedto computethe
changesn the inhibitory PSPs,with the inhibitory STDP
learningfunction substitutedfor the excitatory STDPlearn-
ing function(Fig. 1(B)).

We have previously developed a methodto analyzethe
stability of a STDP learningrules(RobertsandBell, 200Q
Williams et al., 2003. Whenerer a setof adaptve synaptic
inputsarecorrelatedntime,andthereisamismatctbetween
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the learningrule L(x,) andthe efPcay of the PSPkernel
€.(x,) on dendritic spike generationthen oscillationsde-
velop from instabilitiesin thelearningdynamics(in Eq. (3),
L(x,) = B.L.(x,)). Instabilitiesresultfrom the synapticef-
bcay becomingdepressedt a differenttime relative to the
contrikution of synapsedo the membranepotential. There
areno short-termstability issuesin this modelbecausehe
comple spike is too low. To testfor long-term,learning
instabilitiesin the learningrule, we computethe Fourier
transformof L(x) dePnedy

FIL](k) = / dxe™ L(x). (4)
Then,in thecontinuoudimit of ¢, we Pndthatthe condition
for stability is

Re[FILI(k)FIel(K)] <0, k#('$ .$), (5)
wherethe overline is the comple conjugate. We represent
ourpostsynaptipotentiaffunctionsasgammafunctions and

their convolutionssothatthe Fouriertransformghatwe will

needare
o 2= [ 9]
" ikxo
% AW = oy (6)

wheree,,(x) & 0 for all x < 0, and the function ¢, (x) is
normalizedsuchthatfo$ en(x)dx = 1. We include xo asa
temporal-shiffpparametein our learningfunctionsto study
how timing of the learningwindow affectsstability of the
learningdynamics.

Theefbcagy of parallelPbersynapsesn comple spikes
is polysynaptic.Thus,in our model, we approximatedhe
efbcay by expandingthe spike probability function neara
meanspike rate(Roberts 2004,

PSS(‘xnft): pSS+ MSSpSS(lH pSS)(VSS(‘xﬂit) ! USS)+ %a,'
(@)

wherep,, isthespontaneouBurkinjecellsimple-spile prob-
ability during eachtime-step,and U, is the background
membranepotenialthat leadsto that rate. The background
simple-spile rateis modulatedby the parallelPberandstel-
late cell spikes that are representedin the time-dependent
membraneotential(Eq. (1)), Vi, (x,, t). Thelineartermin
Vs (xa, t) providesthe brst-ordercontribution of the parallel
Pbersynapticefbcay in generatinga simplespike. A simi-
lar expansiorfor CN cells(Fig. 1(A)) leadsto aconvolution

of PSPfunctionsfor eachsynapticlink given by the CN
membrangootential:

Vcn(xm t): Wpe' en€en ( Pxx(xna t)+ Wpe' en€en ( Pcf(xna t)
) wpU' Cn[pss+ Mss pm(lu pss)ecn ( Epf(-xpfa l)]
(8)

wherew, ., weightstheinhibitory PSAin CN neuronse,.,,,
causedby Purkinjecell spikes,andx s isthetimeof aparallel
Pberspike. Since Py(x,, 1) * P.s(x,, t), we have ignored
the secondterm in our approximationof V,,(x,, t). In the
chainof connectiongrom the parallelbbersto the |O-cells,
theefbcag of the parallelPberspikeson IO neuronds then
apprOXimatedby Wen' ioWpe' ('n/'Lcnpcn(l " p(‘n)/’bsspss(l )
Dss)€io ( €cn ((€pr(xpp, 1), Whereg;, is the normalizedin-
hibitory PSPfunctioncausedy aCN spikeonanlO neuron
andw,., ;, is the correspondingynapticweight. Because
the neuralspikesare causedy depolarizationthe efbcay
of synapticinputsis determineddy the timing of the PSPs,
ratherthansimplethe presynapticspike times.Therefore a
delayis embeddedn the loop from SS to CS becauseof
themembraneropertieof theindividual neuronsalongthe
pathway.

Our analytic results yielded the equilibrium synaptic
weight conbguratiorfor large+, but not the dynamicsfar
from equilibrium. Thus,in orderto augmentour investiga-
tion of the learningdynamicsof this model, we developed
simulationsoftwarebasedn the spike responsenodel. The
studiespresentecherewere basedon computersimulation
studiesusingthe cerebellamodelshavn in Fig. 1. We used
200parallelPbergN = 200)and200stellatecells,onePurk-
inje cell, andonerepresentatie from the neuralpoolsin the
inferior olive andthecerebellanucleusThemembrango-
tentialof eachpostsynapticell, Vs (x., 1), was calculated
by asumof thebaselingotential Vo, andPSPsateachtiime-
step, such that Vo (X, 1) = Vo + ZM. w;i(t)epsp ("
x)S1"(xn), whereSt"(x,, r) = 1if therewerea presynap-
tic spike at time (x,, ), andvanishestherwise.The j-sum
was over al presynaptidnputs,andthe n-sumwas across
thestimuluscycle. ThePSPkernels,epsp (x,;), areshownin
Fig. 1(B).

Spikes wereassigneddy generatingpseudorandomum-
bersdrawn from a uniform distribution after calculatingthe
spike probability function, P (Vo (x4, t)) (€.9.Eq. (2)). If
therandomnumberwas lessthanthe spike probability, then
a spike was assigned.The parametersn the spike-response
modelsare given in Table 1. A time-stepof 5 msecwas
usedin the x-componentand periodicboundaryconditions
wereclosedat the durationof the stimuluscycle. Eachtime
stepin the r-coordinatewas countedas a single stimulus
cycle. At theendof eachstimuluscycle, the comple spike
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Table 1  Model parameters used in simulations. Cell typesreferto
Purkinjecells (PC),cerebellamucleuscells (CN), and inferior olivary
cells(10). All valuesare normalizedsothatthe synapticweightsarein
therange[0.0,1.0]. Thespike thresholdg, is givenasapercentagef
themaximummembrangotential. Themaximummembrangpotential
is the maximum parallelPbercontribution (normalizedto unity) plus
the maximumbaselinepotential,max(Vp) = 1.0

Celltype 1 0 Vo o, @ Be Bi
PC 0.3 30% 0.28 0.0012 0.0012 0.18 0.18
CN 0.3 30% 040 O 0 0 0
10 0.2 3% 028 0 0 0 0

timeswereusedto adjustthe parallelPberandstellatecell
weightsthroughthe STDP learningrule (Fig. 2). Java code
that generatedhe bguresis available at the authorsweb
site, http://www.ohsu.edu/nsi#culty/robertpa/lab/ja/.

Results

We have evaluated 3 sites of synaptic plasticity for their
effects on Purkinje-cell actvity: (a) PF to Purkinje-cell
synapse(b) Stellate cell to Purkinje-cellsynapsesand (c)
the PF to Stellate-cellsynapseln our models,eachsite of
synapticplasticity was subjectedto STDP learningrules,
wherethedirectionandmagnitudeof synapticplasticity de-
pendson the time differencebetweerpre-andpostsynaptic
spikes.In thesecasesthe postsynapticspike eventwas the
timing of the comple-spike andplasticity inducedby pair
ing presynapticspikeswith comple-spikes wasassumedo
bereversedby isolatedpresynapticspikes.We foundcondi-
tionsfor stability of systems-leel adaptatioret site (a). We
alsofound that synapticplasticity at site (b) and(c) could
stabilizethe possibleinstabilitiesof the learningdynamics
of Purkinjecells, if the learningrule at thesesynapsesare
themselesstable.

Optimal stability of CSTDPIlearningrules

We investigatedtheoreticalconstraintson a classof mod-

elsof cerebelladearningin which the simple-spile rateaf-

fectstheprobabilityof comple spikes(RuigrokandVoogd,

1995. Themodelcircuitry assumedhatthetargetnucleiof

thecerebellunwereinhibitedby Purkinjecellsandsentpro-

jectionsacrosghemidlinetoinhibit cellsin theinferiorolive

(Fig. 1). Thisdoubleinhibitionincreasedhe comple spike

ratewhenthePurkinje-cellspike rateincreasedMedinaand

Mauk, 2000. Under theseconditions,the exact timing of

associatie LTD becamecritical for learningto be stable.
Unstabldearningdynamicsgeneratescillationsduringthe

stimulusphase(Fig. 3). If thelearningdynamicsare stable,
the learningdynamicscancelmodulationof the membrane
potentialduringthe stimuluscycle (BuonomanandMauk,

1994). We testedbiologically plausibleSTDPlearningrules
(CrepelandJaillard, 1991 Ito etal., 1982 Lev-Rametal.,

1995 Lindenetal., 1991 Schreurst al., 1996 for stability

andfoundastableclassof STDPIlearningrulesfor cerebellar
learning,by applyinganalytic methodsto testthe stability

of STDP learningrules (Robertsand Bell, 2000 Williams

et al., 2003. Instabilitiesappearas oscillatory modesthat

grow from the bxed point (seeFig. 3(B)). The stability of

thesemodesdepend®n the sign of real partof the product
of FouriertransformedEPSPand the associatve learning
functionof STDP.

An exampleof a stableSTDP learningrule for a well-
characterizedystemis theadaptve electrosensorprocess-
ing systemof mormyrid electric bsh (Bell et a., 1997¢
Robertsand Bell, 2000. The STDP learningrule in a
cerebellum-lile structure theelectrosensoryateralline lobe
(Bell et al., 19973, is basedon the openingof postsynaptic
NMDA receptorsilowing aninf3uxof calciumionsthatLTD
(Bell et ., 1997¢ Hanetal., 2000. A non-associatie LTP
componento thelearningrule reversestheLTD (Hanet al.,
2000. Thelearningrule is stablebecausehe postsynaptic

Izesl

100
Fig. 2 Application of learning rule in the simulations. The STDP
learningrule changeghe synapticweightsas a function of the exact
timing of thecomple spikerelativeto thebeginningof thePSP(A) The
learningrule depressethe weightin proportionto L, (x.s) = €.(xcs),
wherex,; is the time of a complex spike, thena complex spike that
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occurswithin the time courseof the associatve componentcausesa
decreaseén the amplitudeof the PSP (B) The synapticweightis en-
hancedby a bxed amount, «,, if the comple spike fals outsidethe
window of depression
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Fig.3 Learning instabilities are caused by a mismatched timing of the
STDP learning rule. (A) Exampleof a stablelearningrule wherethe
interval of depressiohasthesameiming asthepostsynaptipotentials
thatleadto dendriticspikes, L. (x.s) = €.(x;), wherex, is thetime of a
dendriticspike thatleadgo depressionA seriesof excitatoryPSPsadd
togetheto generatéhespikeswith aprobabilityshavn by thesolidline
in eachgraph.Assumingthatthe efbcag/ of the PSPinputto generate
dendriticspikesis the sameas the PSPitself, thenthe stablelearning
rule will depresshe synapticstrengthproportionallyto the PSPscon-
tributionto thespike probability. Thetop panelshavs severalPSPghat
aregreaterthanequilibriumlatein thecycle (90 < x < 150ms).The
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depressiorcomponentof the STDP learningrule dominatesin this
interval and, after mary cycles, thesePSPsare reducedto equilib-
rium (bottom).At equilibrium, the depressioniueto randomdendritic
spikes are cancelledby non-associate potentiation,«,. (B) An un-
stablelearningrule will depressynapseghathave not contritutedto
the above-equilibrium spike probability. A shift in the timing of the
depressionvindow is shown hereasanexample.ThePSPsearlyin the
cycle (x ) 40 ms) aredepressedy the region of above-equilibrium
spike probability latein thecycle (x ) 100ms).After mary cyclesthe
variancegrows as oscillationswith afrequenyg determinedy theshift
onthedepressiowindow
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Fig. 4 Simulated response of model neurons in response to a single
parallel fiber spike. (A) We simulatedthe spike activity of a Purkinje
cell (A), thetamgetcerebellanucleusB), andinferior olive neuron(C)
thatgenerateshe comple spike in the Purkinje cell duringa stimula-
tion of the PFs.The spike probability of a targetneuronin theinferior

eventis aback-propagtingdendriticspike thatis generated
by parallel PberEPSPwithin the samecell. Thus,thereis
a match betweenthe efbPcay of the parallelPberspikesto
generatea postsynaptievent. However, if the sameSTDP
learningrule is appliedto the parallel Pber synapseonto
Purkinjecellsin the cerebellum(Fig. 2), wherethe postsy-
napticeventis a comple spike, thenthelearningdynamics
areunstableasshavn in Fig. 5.

In the caseof plasticity at the PF synapseonto Purkinje
cells, the critical function is the polysynaptic efPcay
with which the PF synapsecontritutesto a complex-spike
(Rumsg andAbbott,2004). We foundthatthe stableSTDP
learningrule was the cornvolution of the following 3 func-
tions: the PF-evzoked EPSP the Purkinje-cell-eoked IPSR
andthetargetnuclei-eroked IPSPin theinferior olive. The
shapeof thesefunctionsis showvn in Fig. 4. In the Methods,

Time following PF stim (sec)

0.15 0.20 0.25 0.00 0.05 0.10 0.15 0.20 0.25
Time following PF stim (sec)

olive btsacurve thatis acorvolution of the 3 postsynaptipotentialsn
the pathway from the PF to the inferior-olive neuron.The shift is due
to synapticdelaysin our simulationand nonlinearitiesintroducedby
the spike probability function

we discussedin expansionof the spike-probabilityof neu-
ronsin the cerebellarcircuit that connectsPurkinjecellsto
theinferior olivary neuronghatgive riseto climbing Pbers.
The approximateefbcay of parallel Pberson comple-
spikes was foundto be proportionalto €, ( €., ( €,7(x,).
Thus, any stablelearningrule is predictedto have anLTD
componento its learningrule thatsatisbeshe stability con-
dition (Eq.(5)), yieldingtheconditionon parallelPberLTD,

Re[f[ﬂprpf](k)f[Eio( €cn ( 617f](k)J < 07
k#('$ .9$), 9)

We simplify the representationsf the postsynaptiqoten-
tials to be alpha-functionsg; (x) (cf. Eqg. (6)), and further
let their time constantsto be equivalent, t,r = 7., = Ti,.
Thus, Fleio (€ (€,r1(k) = (L+ ikt,p)" 4, that forces a
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Fig. 5 Mismatch of STDP learning rule leads to unstable learning

dynamics. (A) Thesimple-spile probability of themodelPurkinje cells
shaws large oscillations(cycle 1000)for L(x), and L,(x), but nearly
stableconbguratiorfor the learningrule that matchedthe efbcagy of

theparallelPbersynapseon generatingcomplex-spikes, L3(x). Except
for a small rangenearxo = 40 ms, the varianceof the Purkinje-cell
membranepotentialis large dueto oscillationscausedy thelearning
dynamics.The shift of 40 ms for the stable learningdynamicsis re-
quiredto compensatéor the nonlinearitiesn responsesf neurongo

constraintthe limits of the time constantfor the parallel
Pberlearningrulesatisfying,8,Re(1+ k?t. 7, + ik(z, "
1,7))* < 0. A perfectmatchbetweerthe time-constantsf
thelearningrule andthe postsynaptigotential,(t; = ),
clearly satisbeshe stability conditionif g, < O.

We numerically simulated the cerebellar circuit
(Fig. 1(A)) usingspike-responseneuronmodelsto testthe
analyticpredictionof thelearningrule.Figure5 shavsthere-
sultsof thesimulationwherethechangen spike-probability
causedy parallelPberspikesis shavnin Fig. 4(A). Thereis
adeviationfromouranalyticpredictiondueto thenonlineari-
tiesin ourspike-probabilityfunction(Eq.(2)), forcingashift
inthelearningfunction,,sL ,r(x " xo), wherexo = 40ms.
This shift could have beenappliedto theinhibitory synaptic
learning function with similar results. The simple-spile
probability for different learning functions is shavn in
Fig. 5 shawing the oscillationsduring the cycle causedby
instabilitiesin the learningdynamics Large oscillationsfor
xo * 40msresultfrom afactorof exp(" ikxo) intheFourier
transformof g,,L,;(x " xo), a factorthat guaranteeshat
there exists a value for k& where the stability condition
fails.

Effectsof CSTDPatthe stellatecell synapse
ontoPurkinjecells

Empirical demonstration®f STDP at inhibitory synapses
have revealedtwo classesof learningrules: (1) symmetric
with respecto the presynapticspike (Woodin et a., 2003
or (2) asymmetricwith respecto the presynapticspike so
thatthe learningwindow is coincidentwith the IPSPin the
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theparallelPberspikes throughthe chainof synapticconnectionsrom
PC' CN' 10 (seeFig.4). (B) Theevolution of the PC spike prob-
ability shavs the growing oscillationscausedby the instabilitieswith
L1(x). Weightsareinitiatedat near thenincreaséy thenon-associatie
termin the STDP learningrule. After 100 cycles,complex-spikes be-
gin to appearandthe increasedrariancerevealsoscillation that grow
whenthe LTD componenbf the STDP learningrule doesnot match
thecomplex spike efbcag (Fig. 4(C))

postsynapticneuron(Han et al., 1999 Haaset al., 2004
Bell etal.,1997h. However, neitherof theseSTDP learning
rules helpedstabilize the learning dynamicsbecausehey
themselesareunstablePlasticityatinhibitory synapsewas
exploredin Roberts(20001, andwe have foundthatSTDP
atthesynapsdrom stellate-cellinterneuronsnto Purkinje-
like cells help stabilize learninginstabilitiesif the STDP
learningrule atthe PF synapseontoPurkinje-like cell causes
instabilities.However, extendingthe rangeof stability only
holdsif the STDP learningrule at theinhibitory synapses
itself stable.

The STDPlearningrule thatwe testedn ouranalysisand
simulationsvasdependentntheintenal betweerastellate-
cell spike anda comple-spike in the Purkinjecell. We have
found that the condition of stability of CSTDP at excita-
tory synapsess alsothe formulafor CSTDP at inhibitory
synapsesln a recentpublication,we derived an inversion
principle (Williams etal., 2003 wherereplacingthepostsy-
napticpotentialkernelandthe CSTDPlearningfunction by
theiradditive inverseleavesthe stability conditioninvariant.
HencethestableCSTDPIlearningrulefor aninhibitory IPSP
is just minusthe stable learningrule for the corresponding
excitatory EPSP

Threepossibilitiesxistfor thePFandstellatecel| CSTDP
learning rules yielding stable learningdynamics:(A) the
stellate-cellCSTDPIlearningrule is differentfrom otherex-
amplesof STDP learningrulesat inhibitory synapses(B)
the recentresult (Jerntell and Ekerot, 2002 that climbing
Pbercollateralsin the superbcialmolecularlayerinnenete
stellatecells,consequentl§eadingto a depressiomf the PF
synapsento stellatecellsdueto anassociatiorof comple
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spikes and stellatespikes, or (C) the stellate-celllearning
rule is unstable put a stableparallelPberCSTDPlearning
rule stabilizesthe learningdynamics.

If we assumepossibility (A), thatthe stellate-cell[STDP
rule is tailored to be stable in the cerebellum,then the
Purkinje-cellmembrangotentialcanbestabilizedby giving
the stellateinput a stable learningrule, proportionalto the
efbcay of stellate-cellspikes to generatecomplex spikes
(Williams et al., 2003. The stablelearningfunctionis de-
rived as the inverse of the stellate-cellinhibitory postsy-
naptic potential corvolved with the postsynaptigotential
in neuronsof the cerebellarnuclei and the inferior olive:
Lg(x,) = €0 ( € ( €5(x,). Thestability conditionfor par
allel bberslone(Eq.(9)) hasasecondermduetothestellate
contritution to the membranepotential(seeAppendixand
Roberts20009 so thatthefull stability conditionbecomes,

Re[FLBor L pr (k) Flero ( €on ( €pr1(k) + FLBuL(K)
’ .7:[61‘0( €cn ( 6st](k)J < Ov k # ("$ ) $ ) (10)

If the real part of either term is lessthan zero, then the
combinedlearningdynamicscould still be stablebecause
of the sum of real parts.Our numericalstudiesfound that
applyinga stable STDP learningrule atthe stellatesynapse
wouldreducethe oscillationscausedy shiftsin theparallel
Pberlearningrule (Fig. 6).

In oursimulationsthevarianceof themembrangotential
was notimproved with a shift, xo, nearxp = 40ms,which
was the most stableregion of the PFlearningrule. These
simulationsextendedthe analytic resultsby shawving that,
althoughthere are instabilities for most values of xg, the
oscillationsare small for delaysaslarge as xo = + 50 ms.
This calculationsuggeststhat measuringthe CSTDP rule
for the parallelbbersynapseloneis not sufecientto deter
minewhethetthesystems-lgellearningdynamicsarestable.
Onemust also determinethe stellate-cell CSTDP learning

A

60
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SO %

45+

40

35

Membrane Potential (arb. units)

rule to deducehow the combinationof synaptic plasticity
atinhibitory synapsesombineswith plasticity at excitatory
synapses.

Possibility(B), thatthesite of synapticplasticityfor stel-
late inhibition is at the parallel Pbersynapseonto stellate
cellswas originally suggestedhy Albus(1971) using the ar-
gumentthat thereare far more parallel Pbercontactsonto
stellatecells than stellatecell contactsonto Purkinje cells.
Thus, synaptic plasticity at the parallel Pbersynapseonto
stellatecells would maximize the storage capacityof the
network. Empirical evidenceof synapticplasticity at this
synapsehasheenreported(Jerntell and Ekerot, 2002, but
the amount of plasticity for delaysbetweenparallel-bber
spikesandcomple spikes,ie.thecompleteCSTDPIlearning
rule, wasnot determinedOur analyticmodelsuggestshat
a stableCSTDPIlearningrule would satisfy the condition:

Re[}"[L,,f- s;](k)f[fio( €cn ( €5t ( €pf vt](k)J <0,

k#('$ .9$), (11)
whereheree,s (x) is the EPSPin stellatecells caused
by a parallel bber spike. The addedconvolution induces
a longer delay betweenthe parallel-Pberspike and the
climbing-Pberspike thanin our previousexample.

The third possibility (C) is that the learningdynamics
of the parallel Pbersynapseonto a Purkinje cell stabilizes
theunstabldearningdynamicsof plasticity of theinhibitory
inputto Purkinjecells.In this casewereferagainto Eq. (10)
andconcludethatif inhibitory plasticityis unstablethenthis
placesstricter constraintson the parallel-PbersynapseAll
threeof thesepossiblecombinationsof synapticplasticity
couldbetestedby measuringhe CSTDPlearningrules.The
maintheoreticalpoint hereis thata combinationof CSTDP
at both inhibitory and excitatory inputs to Purkinje cells
yieldsawider rangeof parameterauesfor stablelearning
dynamicsso thatthe systemis morerobust.

| 1 1 I I
-60 -40 -20 0 20 40
Fig. 6 Inhibitory CSTDP helps to stabilize the learning dynamics
of the PF to Purkinje-cell synapse. (A) The window of LTD for the
CSTDPIlearningrule attheparallelbbersynapsevasshiftedfor delays
xo="60" 60msec.Thevarianceof the membranéds a measureof
theinstabilitiescausedy unstableCSTDPIlearningrules(thin, dotted
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trace).WhenastableCSTDPIlearningis appliedat inhibitory synapses
(heavy, solid trace),the instabilitiesare suppressedB) Postsynaptic
potentialfunctionsand associatedCSTDP learningrulesfor parallel
Pber(thin traces)and stellatecell (heary traces)ynapses
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Sculptingsimple-spile activity with comple-spike
responsenodulation

Thelearningdynamicsof stable STDP learningrulesleads
to a constanbutputwhenparallelPberinputsare correlated
in time. The bxed-pointof the outputrate is very robust
(Robertsand Bell, 200Q Williams et al., 2003 and tends
to cancelary modulationof the Purkinje cell rate that is
correlatedwith the parallel bber spike pattern. However,
simple-spilkesrateshave beenobsened to be modulatedby
sensorystimuli or motor activity. Thus,the questionarises:
How canthe Purkinje cell actvity be trainedfor a desired
outputpatternby the CSTDPlearningrule?

Since compl spikes arisein a nucleusseparaterom
the cerebellarcortex, the possibility of external control of
thecomple-spike patternsanbeusedto sculptthesimple-
spike patternthatis context specibcto thestimuli thatexcite
granulecells. This phenomenorof independentlycontrol-
ling dendritic spikesand axonalspike, wherethe dendritic
spikes control synaptic plasticity, hasbeenobsered in a
cerebellum-lile structure(Mohr et al., 2002. The cerebel-
lum appeargo be well designedo implementthe principle
thattheactiity of onesetof inputs(climbing Pbersontrols
theresponsef Purkinjecellsto anothersetof inputs(mossy
Pbers).

In our model circuit (Fig. 1), we modulatedthe activ-
ity of the model neuronrepresentingn olivary cell with a
sinusoidalstimulus,s(x,), thatwas correlatedwith the cy-
cleof parallel-Pbedelayss(x,) = Asin(* 2rx,/T), where
T = lsecistheperiodof thecycle. Theresponsef thesim-
ulatedcomplex spikesis shavn in Fig. 7(A) wherethereis
a peakin comple-spike histogrambeforeadaptatiortakes
place.After 1500cycles(Fig. 7(B)), the modulationof the
comple spikeshasbeencancelledy the simplespike mod-
ulation, wherethe dip in the simple-spile histogramcorre-
spondsto a releaseof the cerebellarnuclei neuronsfrom
inhibition, leadingto anincreaseof inhibition of theinferior
olive neuron.

The phaserelation betweenthe simple-spiles and the
comple-spikes is consistentwith data from the uvula-
nodulugBarmackandShojaku,1995. Althoughthesimula-
tiondid notincludedetailsof climbingPberspikegeneration,

e
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e
e

0.0

SS probability &
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Fig.7 Complex-spike pattern sculpts simple spike pattern. (A) Simu-
lation of network in Fig. 1(A) without synapticplasticity (histogramof
1000cycles).Sinusoidaimodulation(grey) causes peakin comple-
spike probability during secondhalf of cycle, but the simple-spile
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it doessuggesthefollowing hypothesisthe antiphaseela-
tion involves associatve depressiorof the synapticefPcay
in themolecularlayer. If the mossybberinputsthatactivate
granulecells are temporally correlatedwith respectto the
phaseof the stimulus,thenthoseparallelbbersynapsehat
arecoincidentwith climbing Pberactiity will beselectvely
depressedThe consequencés that during the part of the
stimuluswhenthe probability of a climbing Pberresponse
is greatestthe Purkinjecell dendritegeceve proportionally
lesspostsynaptienputfrom parallelpbersthusreducingthe
simplespike frequeng.

A featureof the learningdynamicsthat canreducethe
overall synapticinput is that the synaptic weightsof both
excitatory andinhibitory inputsdrift in unisonif the learn-
ing ratesarenot perfectlymatched Roberts 20009. Under
thesecircumstancesthe sum of excitatory and inhibitory
postsynaptipotentialds constantput thereis an overall de-
pression(of potentiation)that drivesthe synapticefbcacies
to theirminimum (or maximum)necessaro reachthebxed
pointof thelearningdynamicsTheconditionghatminimize
the overall synapticinput are that the ratio of the excita-
tory learningratesare lessthantheinhibitory learningrates,
opr/Bpr < o5 /By Theresultshavn in Fig. 7(B) issucha
caseandmary of the synapticweights,both excitatoryand
inhibitory, vanish.Thesdearningdynamicssuggestamech-
anismfor the obsenation that most parallel Pbersynapses
ontoPurkinjecellsaresilent (Isopeetal., 2002.

If the inequalityof learningratesis greatenough,then
the Pxed-pointof a constantcomple-spike rate may be
distorteddueto saturatiorof theweights,andthe Opressure”
of the learningdynamics.An example where«y, is large
is shavn in Fig. 8. Herethe non-associatie depressiorof
the inhibitory synapse®verwhelmsthe learningdynamics
so that the system settleswith an increasedsimple-spile
rateduring the brstphaseof the cycle. The averageweight
conbguratior{Fig. 8(B)) revealsthatthe contritution of the
synapticinputs are large only during those phasesof the
cycle wherethey increaser decreas¢he simple-spile rate
from its meanoutput. A striking featureof this numerical
simulationis thatthe CS rateis not constant.The shapeof
the CS probability is not predictedby the analysisbecause
our analytic methodsdo not apply when the weights are
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probability (black) is constant.(B) After 500 cyclesof CSTDPat the
parallelPbersynapsentothe Purkinjecell, thesimple-spile probabil-
ity (black)isreducedduringthe phasewherethe complex spikes were
high. Thecomplex spikes(grey) arenow ataconstanimaintenanceate



JComputNeurosci

ity >

(=]
g
Aujiqeqo

o

SS probabil

4
=]

(=]

I
0.2 0.4 06 X(sec)

o
=)

Fig. 8 Synaptic weight minimization by combining excitatory with
inhibitory plasticity. (A) Simulationof complex spikes(grey) andsim-
ple spikes (black)in asinglePurkinje cell duringoscillatory vestitular
stimulation(Barmack,1995).Resultof simulationdescribedn thetext
shawving the sameantiphasicresponseof simple spikes with respect

saturateditt a bxedboundary The numericalresultssuggest
thatnon-constanspike probability could resultif thereis a
strongnon-associatie componento thelearningrule.

Discussion

In this paper we derived the learningdynamicsof cere-
bellar Purkinje cells that resultsfrom plasticity at synapses
onto Purkinjecells. Depressiorof parallel bberinputs,and
potentiationof inhibitory interneuroninputs, was assumed
to be causedby repeatedpairing with complex spikes and
reversedby a non-associatie LTP. We showed that if the
synapticinputsare correlatedn the temporaldomain,then
thetiming of theLTD window is critical for stablelearning.
Instabilitieswould be obsenable as oscillationsin simple-
spike histogramswherethe frequeny dependsn the mis-
matchbetweerthe CSTDPlearningrule andthe efbcay of
parallelbbersto generateomplex spikes(or theefbcay of
stellatecellsto inhibit complex spikes).Theabsencef these
oscillationsstrongly constrainscandidateCSTDP learning
rulesto predictthatthewindow of LTD mustbe delayedto
follow the parallel bberby at least50 msecandthe maxi-
mum depressiomwould be at about100 msec.Somerecent
experimentalbndingsagreewith this rangeof delaysin our
predictionfor the timing window for the CSTDP learning
rulesof parallelPbers(Wangetal., 2000).

Our resultsregarding the timing of cerebellal.TD were
consistentwith what is known about the mechanismsof
associatie LTD at the PF synapseonto Purkinje cells. If
parallelPberLTD weredependenbn postsynaptic\MDA
receptorsthennodelayof thelearningwindow, with respect
to the PF EPSPcould be realized An unstabldearningrule
would result becauseen NMDA-basedlearningrule takes
the form of an alpha-function(Bell et al., 19979 that we
have shavn is unstablgFig. 5). However, theNMDA-based
learning rule is stablein the caseof the cerebellum-lile
electrosensorgrocessingstructuran mormyrid electric bsh
(Robertsand Bell, 200Q 2002. Purkinje-like cells in the
mormyridgenerateheir own dendriticspikes,implying that

(=]
V4
dso

synaptic weight

to climbing Pberactiity. (B) Averagesynaptic weightsfor parallel
Pbergqsolid) and stellatecells (broken) ontomodelPurkinje cell during
sampletime wheredatawas take in (A), wherex,, labelsthebeginning
of the PSPthatis scaledby the weight. Synapticweightsare at their
minimumvaluethatgenerateshe spike rates

the PF directly affectsthe dendriticspike probability via an
EPSPthatmatcheghelearningfunction(Bell etal., 19979.
As aresult,thelearningdynamicsare stablein thesensehat
oscillationsare not generatedvithin the electric dischage
cycle.

In contrastLTD in thecerebellunisindependent of post-
synapticNMDA receptorsandthisindependenckadsto a
differentshapeof theLTD window. Metabotropigglutamate
receptorsn combinationwith secondnessengensay delay
the processeshatcauseL. TD from pairingwith a comple-
spike (Houk andAlford, 1996 Doi etal., 2005 Steuberand
Willshaw, 2004), possiblytakingaformresemblingheaffect
of PF spikeson the comple-spike probability (Fig. 4(C)).
Theresultwould be a learningrule thatis stable.However,
this restrictionimposedby stability on the STDP learning
rule forbidsthe possibility of thewindow of LTD eitherpre-
cedingthe PF spike or following the PF spike by morethan
80 msec.

The model of cerebellarlearningin the presentmodel
did nothave anexplicit representationf mossybbersspike
patterns.Thus, two essentialissueswere absentfrom the
analysis:(1) how granule cells encodemossybberinfor-
mationinto parallelbPberactiity, and (2) how mossybber
that projectto the cerebellamuclei affect the dynamicsof
cerebellarlearningdynamics.Although thereis consider
abletheoreticaldiscussiorof the brstissuein the literature
(Albus, 1971, Marr, 1969 Buonomanoand Mauk, 1994
Schweighofert al., 20017), thereis little experimentaldata
dueto the dif Pculty of recordingfrom granulecellsin vivo
(Chaddertoret a., 2004 Simpsonetal.,2005. Thepresent
model assumeghat the granule cells respondwith delays
following an sensoryor motor event, but this assumption
mustremainconjecturaluntil furtherdatais available.

Thesecondissue how mossybbercollateralgo thecere-
bellarnucleiaffectthedynamicf thesystemispartiallyad-
dressedby theanalysisof complex-spike modulation(Figs.7
and8). Sincethemossypbbersvouldbecarryingtheinforma-
tion thatis alsore-codedoy granulecells,possibleat delays
(BuonomanaandMauk, 1994 Roberts,2005, thenthe di-
rect effect would be to reducethe complec-spike response
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duringthetime of theeventencodedismossy-bheactiity.
Theresultdollowing CSTDPwouldbeanincreaseén simple
spikeratethatis coincidentwith themossybberactivity. The
detailswoulddependntheconvergenceof mossybbersand
Purkinjecellsin thecerebellanucleusbecaus¢hesenputs
couldcancelif thereis abalancedconvergence.

Anothersourceof dynamicsinto the systemghatis not
includedin ourmodelis climbing Pbercollateraldo cerebel-
lar nuclei. Becauseof the low rateof climbing Pberspikes,
the effectsmay not be as prominentas mossybbercollat-
erals.If the synapticinputsare particularlystrong,thenthe
effectcouldforcea phaseshift of thesimple spike pattern.

The modeldoesnotincludean explicit representatiomf
cornvergenceof parallel Pbersonto inhibitory interneurons
in the molecularlayer The efbcag of parallel Pbersonto
stellatecells is quite strongand a spike from a single par
allel Pbercanresultin a spike on a stellate cell (Barbour
1993. Onewould thenexpectthatfew stellatecells deliver
only a single spike per stimuluscycle. However, the pres-
enceof more spikes per cycle do not affect the qualitative
aspectf theresults,unlessthe distribution of spike times
is uniform throughouthe stimulus cycle. The effectiveness
of the inhibitory inputs,in contributing to the Pnaltempo-
ral patternof simple spikes, is increasecroportionallyto
thenarrovnessof thetemporaldistribution of the spike tim-
ings during the cycle (Roberts,2005. The presentmodel
investigatesthe extremecasewherethe stellatecells spike
only onceper cycle, but thatassumptiorcould be softened
with similar resultsaslong as eachstellatecell spike pat-
tern delivers a differenttemporalpatternthe the Purkinje
cell.

The temporal correlation of the parallel Pber spiking
activity have beenrepresentetby delay-linesin our model.
We have assumedhatthis is anapproximatiorto the actual
parallel Pberactiity patternsduring sensorystimulations.
The mechanismdor the delay lines hasbeennumerically
exploredin the caseof eye-blink conditioning(Buonomano
andMauk, 1994, andarepossiblydueto recurrentinterac-
tion of granulecellswith inhibitory Golgi cells. Therehas
beena substantialamountof modelingstudiesto determine
the function of Golgi cells. The proposedideasinclude:
maintainingthe parallelpPbersin a narrav rangeof actuvity
in bothtime andspace(Pellioniszand Szen&gothai, 1973,
causingoscillationsin the bring ratesof granulecells(Maex
and DeSchutter1998 Nagano and Ohmi, 1978 Roberts,
1997 Voset al., 1999, and generatinga broaderrangeof
timing relativeto asensorystimulusin theparallelPberghan
is availablein th mossybberinputs(BuonomanandMauk,
1994). However, therecordingf granulecells(Chadderton
et al., 2004 during sensorystimuli have not yet revealed
thevalidity of thesehypothesesOur analyticandnumerical
methodscan be modibedto accountfor the actualparallel
Pber spike patternswhen they becomeavailable, but the
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conclusionremainsvalid, thatlearningdynamicsconstrain
the likely CSTDP learning rule during natural cerebellar
function.

Appendix

The purposeof this Appendixis to extendthe learningsta-
bility criterion of Williams et al. (2003 to the casewhere
a secondpool of synapticinputshasanindependenSTDP
learningfunction. In the main text (Eq. (10)), we usethis
resultto testthe learningstability in the presenceof a pool
of inhibitory stellate-cellsynapsesn additionto the paral-
lel PbersynapsesWe assumethat at each.,, thereexists
presynaptispikesfor two typesof weights,w¢ andv’,. The
e-typesynapsebave postsynaptipotentiak,(x,) andSTDP
learningrule L.(x,), andthei-typesynapsebave postsynap-
tic potentiale; (x,) and STDPlearningrule L;(x,). Let the
vectorof theweightsbe W = (w§, ..., w§, wi, ..., wi)’,
whereN is the numberof weightsandT is thetranspose.

The coebcientmatrix, Q, of the of thelinearizedweight
dynamicqEq. (28), Williams et al., 2003

AWI=QW/ (12)
hastheblock form:
Qee Qei >

= 13

Q (Qie Qi (13)

As shovnin Williams etal. (2003, stability of thelearning
dynamicsdependon the eigervalues of Q. Eachblock of
Q is circulantandall circulant matricesare simultaneously
diagonalizableby a single coordinatetransformations, so
that

(S"l 0 )Q(S o>_ (S"lQeeS S"lQeiS)
0o st 0 s/ \s''0.S S04
_ (Aee
- Aie

whereA,. is thediagonalmatrix of the eigervalues, A, =
diag@{’, ..., %), etc. Theeigervaluesaretherootsof

Aei

A,-,-> = Ao, (14)

et oAl
ie i n (15)
e A

where ¢ is the nth eigervalue of A.., andr is the num-
ber of row and column interchangego bring the matrix
into the Pnal form. Thus, the roots of det(Ap " AI) are
the union of the roots of N quadratics,eachof the form,

N
det(Ap " A1) = (" 1)"1_[det<
n=1
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A2 (A + AL+ (AT A¢)ie). In the limiting case
of slow-learning,dense-spacing@ndlong-period(Williams
etal., 2003, we transformto the continuousFourier trans-
formsof thelearningrule andpostsynaptipotential A '
FILJ(k)Fle)(k),withn ' k. Thenon-zeraootscanthen
beshawvnto bex = F[L]J(k)Fle.J(k) + FIL:](k)Fle]1(k).
Thus,theexcitatoryandinhibitory termsseparatén the sta-
bility criterion

FIL (k) FleJ(k)+ FIL:](k)Flel(k) <0, foral & (16)

asstatedn Eq. (10).
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