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Abstract Dynamicsof spike-timing dependentsynaptic
plasticityareanalyzedfor excitatoryandinhibitorysynapses
onto cerebellarPurkinjecells.The purposeof this study is
to placetheoreticalconstraintson candidatesynapticlearn-
ing rules that determinethe changesin synapticefÞcacy
due to pairing complex spikes with presynapticspikes in
parallel Þbersand inhibitory interneurons.Constraintsare
derived for the timing betweencomplex spikesandpresy-
napticspikes,constraintsthatresultfrom thestabilityof the
learningdynamicsof the learningrule. Potentialinstabili-
ties in the parallelÞbersynapticlearningrule arefoundto
bestabilizedby synapticplasticityat inhibitory synapsesif
the inhibitory learningrules are stable,and conditionsfor
stability of inhibitory plasticityaregiven.Combiningexci-
tatory with inhibitory plasticity provides a mechanismfor
minimizing theoverall synapticinput. Stablelearningrules
areshown to beableto sculpt simple-spike patternsby reg-
ulating the excitability of neuronsin the inferior olive that
give riseto climbing Þbers.
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Vestibular

Understandinghow the central nervous systemprocesses
temporalinformationis a prominentchallengefacingneu-
rosciencetoday. Our understandingis particularlypoorcon-
cerning the connectionbetweensynapticplasticity at the
cellularlevel andthedynamicsof actualactivity patternsas
examinedin systems-level studies.Thecerebellumoffersa
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uniqueopportunityto investigatethisconnectionusingcom-
putationalstudiesbecauseof theanatomicalregularityof the
cerebellarcortex (Llin «as,1975), andbecauseof compelling
evidencefor synaptic plasticity at several sites within the
cerebellum(Hanseletal., 2001).

Thepresentstudyaddressesthepropertiesof associative
depressionat parallelÞbersynapsesontoPurkinjecell den-
drites(Ito et al., 1982). Associative depression,referredto
aslong-termdepression(LTD) (Ito, 1989), arisesfrom con-
junctive stimulation of parallel Þbersand climbing Þbers.
Eachclimbing Þberspike producesa strongdepolarization
of thePurkinjecell dendritesthatopensvoltagegatedCa2+

channels(Llin «asandSugimori,1980). This inßow of Ca2+

hasbeenshown to beessentialfor theinductionof this form
of LTD (Ekerot andKano, 1985; Sakurai,1989). Thereis
alsoevidenceof non-associative enhancementon theparal-
lel ÞbersynapticefÞcacy whenstimulatingtheparallelÞber
alone(Sakurai,1989). Experimentsin vivo suggestthatthis
enhancementcanreversetheassociative depression(Ekerot
andJorntell,2003).

Theoreticalstudies(Albus,1971; Marr, 1969) have sug-
gestedthat synapticplasticity could lead to learningat a
systemslevel, but thesestudiesarecomplicatedby the ef-
fectsof complexities in the circuitry, suchasthe feedback
loop from Purkinjecell outputto climbing Þberinput. It is
thereforedifÞcult to determinewhateffect, if any, theplas-
ticity thathasbeenobserved empirically hasonthedynamic
processesthat take placein thecerebellarcortex. Thefeed-
back loop can have an importanteffect on the stability of
learningdynamics,asweshow in thepresentstudy.

Anotherimportantreasonfor difÞculty is that empirical
studiesof synapticplasticity in the molecularlayer of the
cerebellarcortex have beencarriedout in many different
preparations,resulting in conclusionsthat appearcontra-
dictory (Mauk, 1997). There is wide disagreementin the
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literatureasto theexacttiming relationbetweentheparallel
Þberinput andclimbing Þberresponsethat is requiredfor
cerebellarlong-termdepression(LTD) (Mauk, 1997). Part
of this disagreementmaybe dueto theuseof very different
preparations.Examplesinclude the intact cerebellum(Ito
et al., 1982), in vitro slicepreparations(CrepelandJaillard,
1991; Hirano, 1991; Ito, 1990; SchreursandAlkon, 1993;
Schreurset al., 1996), andculturedneurons(Lev-Rametal.,
1995; Lindenetal.,1991). Thepossiblerangefor thetiming
requiredto induceLTD hasbeenreportedto extend from
the complex-spike preceding the parallel Þberstimulation
by 1.75 sec (Karachotet al., 1994) to the complex-spike
following the parallelÞberstimulationby 250 msec(Chen
andThompson,1995).

In spite of this disparity in the timing relations,there
seemsto beagreementthattheinductionof LTD requiresan
elevatedconcentrationof Ca2+ in Purkinjecell dendritesin
conjunctionwith binding of glutamateat the parallelÞber
synapse(LindenandConnor, 1993) (or releaseof nitric ox-
ide by a spike in theparallelÞbers(Lev-Ramet al., 1995)).
The presenceof voltage-gated Ca2+ channelsin Purkinje
cell dendritesimplies that synapticplasticity can be very
sensitive to the presenceof inhibitory input, and the tim-
ing relationscould be shapedaccordingly(Callaway et al.,
1995). It hasbeensuggestedthat Ca2+ releasefrom inter-
cellular storesmay be the main factorfor synapticchange,
a mechanismthat resultsin drasticallydifferenttiming re-
lations(Fiala et al., 1996; Houk andAlford, 1996; Miyata
et al., 2000). In addition, inhibitory postsynapticcurrents
in Purkinjecells alsoshow signsof plasticity (Kano et al.,
1992) that enhancesinhibition when inhibitory inputs are
pairedwith postsynapticdepolarization.Theinhibitory cur-
rentsalsoshow anon-associativereductionwhentheneuron
is hyperpolarizedor in thepresenceof Ca2+ chelators(Kano
etal., 1992).

Recentempiricalstudyof parallelÞbersynapticplasticity
have revealedthat a form of non-associative long-termpo-
tentiation(LTP)reversestheLTD causedby pairingparallel-
Þber spikes with complex spikes (Lev-Ram et al., 2002;
Coesmansetal.,2004). Suchreversibility of LTD isessential
for thesystemtoavoid saturationof thesynapticstrengthsby
noise.If therewerenoformof LTPthatreversedtheeffectsof
complex-spikeinducedassociativeLTD, thenrandomclimb-
ing Þberactivity woulddepressthesystempermanently.

Theoreticalstudiesof spike-timing dependentplasticity
(STDP)canhelp to predict the physiologicalSTDPlearn-
ing rule in Purkinjecells becauseeachSTDPlearningrule
hasdynamicconsequencesthatcouldexplainhow cerebellar
LTD leadsto observed systems-level adaptation.A classof
STDPlearningrulesthat haswell-understoodlearningdy-
namicsischaracterizedby anassociativedepressioncompo-
nentandanon-associativepotentiationcomponent(Roberts
andBell, 2000; Williams et al., 2003; Rumsey andAbbott,

2004). For thisclassof STDPlearningrules,if thetimedelay
betweenthe EPSPandthe LTD interval is too great,insta-
bilities will develop (Roberts,2000a; Williams et al., 2003)
that would be evident in in vivo simple-spike recordings.
Instabilitieswould manifestsas temporaloscillationsin the
simple-spike rate,oscillationsof a frequency determinedby
the mismatchbetweenthe learningrule andthe efÞcacy of
thepresynapticfor causingapostsynapticspike.

Whilesomeneuronalsystemsarewell enoughunderstood
to justify theconstructionof detailedcompartmentalmodels
in which various conductancesand their spatial distribu-
tion are modeled,thehigh dimensionalityof theparameter
spacein thesemodels,andtheir complex dynamics,means
that a greatamountof preliminaryexperimentaldatamust
becollectedbeforethemodelcanbeconsideredbiologically
realistic(Traubetal.,1991). Thisis particularlytrueof cases
whenacircuit with differenttypesof neuronsmustbemod-
eled.Althoughmuchis known aboutconductancesin cere-
bellarPurkinjecells,detailedmodelingpresentsformidable
computationalchallenges(DeSchutterandBower, 1994) that
limits testingneuronalbehavior on thenetwork level. These
difÞcultiescanbepartially avoidedby subsumingthecom-
plexities of the simple spike generationmechanisminto a
singlevaluethatrepresentsthespike thresholdof themem-
branepotential(Abbott andKepler, 1990). A largeclassof
neuronalmodelsthat incorporatesucha spike thresholdare
called integrate-and-fire models(Jack et al., 1975; Stein,
1967).

A variationof the integrate-and-Þre,the spike response
model (Gerstnerand van Hemmen,1992), approachuses
more realistic representationsof postsynapticpotentials
(Gerstner, 1998). Typically, the time-courseof dendritic
integration is assumedad hoc to yield exponentialdecay
with anexperimentallyderived time constant.On theother
hand, if the membranepotential is recordedat the soma,
and the spikes are generatednear the soma, then a more
realisticrepresentationof postsynapticpotentialswould be
preciselythosepostsynapticpotentialsrecordedwhenpresy-
napticÞbersare stimulated.We representedthe neuronsof
thecerebellumandassociatednucleiasspike-responsemod-
els to evaluate the learningdynamicsinducedby complex
spike-timingdependentplasticity(CSTDP).

In thestudy reportedhere,we utilize a mathematicalap-
proachthatsimpliÞesthetaskof investigatingtheeffectsof
differentsynapticlearningrules.This approachis designed
to characterizethe network dynamicsthat resultwhen the
exact timing of the pre- andpostsynapticeventsdetermine
the amount of synapticchange(Robertsand Bell, 2000;
Roberts,2000a; Williams etal., 2003). Ourgoalis to derive
theoptimalCSTDPlearningruleatPurkinjeandstellatecell
synapsesfor stable,systems-level learning.In addition,we
show thatwhenplasticityispresentatbothexcitatoryandin-
hibitory synapses,thenthesynapticefÞcaciesareminimized
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so that the minimum numberof synapsesare non-zeroas
recentlydescribed(IsopeandBarbour, 2002; Brunel et al.,
2004).

Mathematical methods

The basicframework of the model was to repeatedlyasso-
ciate (or pair) a climbing Þberspike patternwith a series
of adaptablesynapticinputsthatrepresentparallelÞberand
inhibitory interneurons.We assumedthat the onsetof the
adaptivesynapseswascorrelatedin timewith thebeginning
of theclimbing Þberpattern.SpeciÞcally, theonsetof each
adaptablepostsynapticpotential(PSP)had a different de-
lay from thebeginningof eachpresentationof theclimbing
Þberpatternsothatthetotaladaptableinputformedaseries
of overlappingPSPs(Fig. 1(A)). During eachparallel-Þber
or stellate-cellspike, thesynapticstrength(weight)wasin-
crementallychangedby a non-associative learningrate.In
addition, if a complex spike occurredduring an associa-
tive window determinedby anSTDPlearningrule, thenthe
synapsewasdepressed.Themodelpredictedthechangesin
thesimplespikeprobabilityof aPurkinjecell duringassoci-
ationwith complex spikepatterns.

Eachrepetitionof pairedinputswas parametrizedwith
the variablet representingthe evolution of the systemdur-
ing repeatedpairings.The time following the beginning of
eachpairingstepdenotedby xn = n(!x) with !x denoted
a time step during the pairing and n an integer. Thus, the
representationof timein themodelhasbeenbrokeninto two
components,(xn, t), where xn denotesthe time following

a pairedstimulus or motor command,and t representsthe
numberof cycles.If T is the periodof the stimuluscycle,
then(xn + T, t) = (xn, t + 1).Thesecoordinatesallow usto
separateslow processesfrom fastprocesseswheret is the
slow-processparameterthat tractsthe inßuenceof synaptic
plasticity, and xn is the fast-processparameterthat tracks
theneuralactivity within eachstimuluscycle. ThemodelÕs
predictionof theperistimulushistogramhasxn astheinde-
pendentvariable, and the histogramchangesasa function
of t. The anatomicalconnectivity representedin Fig. 1(A)
identiÞesthechiefelementsof themodel.

The model neuronswere representedas a single com-
partmentspike responsemodel(Gerstnerandvan Hemmen,
1992). This mathematicalapproachhas beenusedprevi-
ously in other systems(Abbott and Blum, 1996; Gerstner
et al., 1993; RobertsandBell, 2000) to evaluatetheeffects
of STDP learningrules.The formalismof spike-response
modelsallowsusto complementoursimulationstudieswith
analyticalresultsthat will provide a deepertheoreticalun-
derstandingof our predictions.Eachmodelneuronwas as-
signeda timedependentmembranepotential,V (xn, t). This
functionrepresentedtheresultof voltagerecordingsif they
weremadeatthespike-generationzone,andaspikeoccured
whenever the membranepotentialof a neuronexceededa
threshold,θ .

The membranepotentialwas assumedto be inßuenced
by many randomprocessesbeyondthecontrolof theinvesti-
gator. Therefore,we representedthemembranepotentialas
a randomvariable with a normal(bell-shaped)distribution
function.Themeanvalue of themembranepotentialis rep-
resentedby V (xn, t) with avariance(Levine,1991) suchthat

Fig. 1 Stochastic model of the cerebellum. (A) Thesynapticconnec-
tivity of the cerebellummodel. The Purkinje cell (PC) simple-spike
probability (Pss) is computedfrom the sum of adaptive inputsfrom
parallelÞbersand stellatecells (st). Theseadaptive inputsare corre-
latedin time with differentdelays(x1, x2, . . . , xN ) from thebeginning
of eachstimuluspresentation.ThePC outputinhibitedacerebellartar-
get nucleuscell (CN), that inhibited a cell in the inferior olive (IO).
The spike probability (Pio) was usedto generatethe complex spike
pattern(Pcs ) thatwaspairedwith thespike timesof theparallelÞber
andstellatecell inputsto apply theSTDPlearningruleon thesynaptic

weights(w1
e , w

2
e , . . . , w

N
e andw1

i , w
2
i , . . . , w

N
i ). The model neurons

summedtheir synapticinputs,plus noise,to generatea spike when-
ever the total membranepotentialreacheda threshold.(B) Top panel
shows the excitatory parallel-Þber(εe(xn)) andinhibitory stellatecell
(εi (xn)) postsynapticcurrentmultiplied by thesynapticweightsin our
modelPurkinjecell.ThebottompanelshowscandidateSTDPlearning
rulesfor theparallelÞber(αe + βe Le(xn), with βe < 0) andstellatecell
(αi + βi Li (xn), with βi > 0) synapsedenotingtheweightchangefor a
given delaybetweentheonsetof thePSPandacomplex spike
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theactivity couldbequantiÞedbythespike-probabilityfunc-
tion, P(xn, t) = (1 + exp(" µ(V (xn, t) " θ )))" 1. Thevalue
of thespike-probabilityfunctionistheprobabilitythataspike
will occurduringtime-step(xn, t). ThefunctionP(xn, t) has
a sigmoid form in V anda valueof 1/2 at V (xn, t) = θ . The
meaninstantaneousspike frequency could be obtainedby
dividing the probability function, P(xn, t), by the absolute
refractoryperiod,!x . Thus,whenthemembranepotentialis
highabove thethreshold,theneuronÕsoutputsaturatesat its
maximumfrequency, determinedby therefractoryperiod.

Adaptive synapticinputsfrom parallelÞbersandstellate
cellscontributedto themodelneuronÕs membranepotential
linearly througha weightedsum of PSPs.The PSPswere
correlatedin timewith thebeginningof eachstimuluscycle
suchthatthey arrived as a seriesof delayedsynapticinputs.
The useof delay-lineshereis intendedto approximatethe
recurrentdynamicsof thegranulecellsinteratingwith Golgi
cellsto generatecorrelatedparallelÞberspike patternswith
respectto mossyÞberstimulations(BuonomanoandMauk,
1994). The delayedinputsgeneratea basis set that canbe
usedto generatea temporalpatternin Purkinjecellswith an
appropriateadjustmentof weighting factors(de Vries and
Principe,1992).

The waveform of eachPSPwas representedby kernel
functions;εe(xn) forexcitatoryPSPsandεi (xn) for inhibitory
PSPs.The kernel functionswere Þt to Purkinje cell PSPs
and x = 0 representedthe time that the presynapticspike
Þrstreachedthe synapse(seeFig. 1(B)). The kernelswere
normalizedsuchthat

∑
n εe(xn) = 1. ThePSPgeneratedby

eachsynapticinput was obtainedby multiplying eachker-
nel by a weighting factor, wn

e for excitatory PSPsandwn
i

for inhibitory PSPswheren denotesthe time, xn, from the
beginning of eachstimuluscycle when the synapseiniti-
atedits PSP. At eachtime-stepin thex-component,up to the
limit for temporallycorrelatedadaptiveinputs,weassociated
synapseswith anexcitatoryPSPequalto wn

e (t)εe(xm " xn)
andan inhibitory PSPequalto wn

i (t)εi (xm " xn). The con-
tribution to the averagemembranepotential,VA(xm, t), by
theadaptive synapticinputsin themolecularlayerwas then
computedto bethesumof all PSPs,

VA(xm, t) =
∑

n

wn
e (t)εe(xm " xn) +

∑

n

wn
i (t)εi (xm " xn).

(1)

wheretherangeof thesum over n representedthe limits of
temporallycorrelatedinput.

The model synapsesrepresentpopulationsof parallel
Þbersor stellate cells that Þre at approximatelythe same
time relative to the associatedstimulus.Thus, the synap-
tic weights,wn

e (t) andwn
i (t), combinethe presynapticre-

leaseprobability, the postsynapticquantal size, and the

number of active zones,where the timing of presynap-
tic spikes are simultaneouswithin the precision of the
model.

The time-dependentactivity of Purkinjecells was mod-
eled in accordancewith the connectivity representedin
Fig. 1. Throughoutthe stimulus cycle, a delayedsequence
of EPSPswas modeledasarriving at thePurkinjecell den-
drites.Thesequencewas temporallycorrelatedto thephase
of thestimulation,while uncorrelatedunitswererepresented
asnoise.

The output of a Purkinje cell was representedby two
spike probability functions.The Þrst, Pss(xn, t), quantiÞed
theprobabilityof asimplespike, wherexn denotedthephase
of thestimulationthatbegan at time t = 0.Thesecondspike
probability function, Pcs(xn, t), representedthe analogous
function for the complex-spikes.However, this latterfunc-
tion differsfrom thecorrespondingsimple-spikeprobability
function in that it doesnot directly dependon the Purk-
inje cellÕs membranepotential.Instead,the complex-spike
probabilityfunctionsdependson themembranepotentialof
neuronsin theinferiorolive, suchthatPcs(xn, t) = Pio(xn, t)
asshown in (Fig. 1(A)).

Thesimplespikeprobabilityfunctionwasrepresentedby
thesigmoid functionof theparallelÞbercontribution to the
averagemembranepotential,

Pss(xn, t) = P(VA(xn, t)) =
1

1 + e" µss (VA(xn ,t)" θss )
, (2)

whereθss is thesimplespikethresholdandµss parametrizes
thenoisein thePurkinjecell.

For thecerebellarSTDPlearningrule,thedendriticspike
that determinedsynapticplasticity was representedby the
complex-spike (Llin «as and Sugimori, 1980). In addition,
thePSPtime coursesweretaken from in vitro intracellular
recordingsof Purkinjecellsfollowing stimulationof parallel
Þbers(Nealeet al., 2001) (Fig.1(B)). Theaveragechangein
synapticweightpercycle wasgiven by thenon-associative
weight changeminusthe averageassociative change,aver-
agedover theprobabilityof complex spikes(Roberts,2000a;
Williams etal., 2003),

!wn
e (t) = αe +

∑

m

βe Le(xm " xn)Pcs(xm, t). (3)

A similar STDP learning rule was used to computethe
changesin the inhibitory PSPs,with the inhibitory STDP
learningfunctionsubstitutedfor theexcitatorySTDPlearn-
ing function(Fig. 1(B)).

We have previously developeda methodto analyzethe
stability of a STDP learningrules(RobertsandBell, 2000;
Williams et al., 2003). Whenever a setof adaptive synaptic
inputsarecorrelatedintime,andthereisamismatchbetween
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the learningrule L(xn) and the efÞcacy of the PSPkernel
εe(xn) on dendritic spike generation,then oscillationsde-
velop from instabilitiesin thelearningdynamics(in Eq.(3),
L(xn) = βe Le(xn)). Instabilitiesresultfrom thesynapticef-
Þcacy becomingdepressedat a differenttime relative to the
contribution of synapsesto the membranepotential.There
areno short-termstability issuesin this modelbecausethe
complex spike is too low. To test for long-term,learning
instabilities in the learning rule, we computethe Fourier
transformof L(x) deÞnedby

F [L](k) =
∫

dxeikx L(x). (4)

Then,in thecontinuouslimit of t, weÞndthatthecondition
for stability is

Re
[
F [L](k)F [ε](k)

]
< 0, k # ("$ , $ ), (5)

wherethe overline is the complex conjugate.We represent
ourpostsynapticpotentialfunctionsasgammafunctions,and
theirconvolutionssothattheFouriertransformsthatwewill
needare

εm(x " x0) =
(x " x0)m

m!τm+ 1
exp

[
" (x " x0)

τ

]

% F [ε](k) =
e" ikx0

(1 " ikτ )m+ 1
(6)

whereεm(x) & 0 for all x < 0, and the function εm(x) is
normalizedsuchthat

∫ $
0 εm(x)dx = 1. We includex0 asa

temporal-shiftparameterin our learningfunctionsto study
how timing of the learningwindow affectsstability of the
learningdynamics.

TheefÞcacy of parallelÞbersynapsesoncomplex spikes
is polysynaptic.Thus, in our model,we approximatedthe
efÞcacy by expandingthespike probability functionneara
meanspike rate(Roberts,2004),

Pss(xn, t) = pss + µss pss(1 " pss)(Vss(xn, t) " Uss) + ááá

(7)

wherepss is thespontaneousPurkinjecellsimple-spikeprob-
ability during eachtime-step,and Uss is the background
membranepotenialthat leadsto that rate.The background
simple-spike rateismodulatedby theparallelÞberandstel-
late cell spikes that are representedin the time-dependent
membranepotential(Eq. (1)), Vss(xn, t). The linear termin
Vss(xn, t) providestheÞrst-ordercontribution of theparallel
ÞbersynapticefÞcacy in generatinga simplespike.A simi-
lar expansionfor CN cells(Fig. 1(A)) leadsto aconvolution

of PSPfunctions for eachsynapticlink given by the CN
membranepotential:

Vcn(xn, t)= wpc' cnεcn ( Pss(xn, t)+ wpc' cnεcn ( Pcf (xn, t)

) wpc' cn [ pss + µss pss(1" pss)εcn ( εp f (x p f , t)].

(8)

wherewpc' cn weightstheinhibitoryPSPin CNneurons,εcn ,
causedbyPurkinjecellspikes,andx p f is thetimeof aparallel
Þberspike. Since Pss(xn, t) * Pcf (xn, t), we have ignored
the secondterm in our approximationof Vcn(xn, t). In the
chainof connectionsfrom theparallelÞbersto theIO-cells,
theefÞcacy of theparallelÞberspikesonIO neuronsis then
approximatedby wcn' iowpc' cnµcn pcn(1 " pcn)µss pss(1 "
pss)εio ( εcn ( εp f (x p f , t), whereεio is the normalizedin-
hibitory PSPfunctioncausedby aCN spikeonanIO neuron
andwcn' io is the correspondingsynapticweight.Because
theneuralspikesarecausedby depolarization,theefÞcacy
of synapticinputsis determinedby the timing of thePSPs,
ratherthansimplethepresynapticspike times.Therefore,a
delay is embeddedin the loop from SS to CS becauseof
themembranepropertiesof theindividualneuronsalongthe
pathway.

Our analytic results yielded the equilibrium synaptic
weight conÞgurationfor large-t, but not the dynamicsfar
from equilibrium.Thus,in order to augmentour investiga-
tion of the learningdynamicsof this model,we developed
simulationsoftwarebasedonthespikeresponsemodel.The
studiespresentedherewerebasedon computersimulation
studiesusingthecerebellarmodelshown in Fig. 1. Weused
200parallelÞbers(N = 200)and200stellatecells,onePurk-
inje cell, andonerepresentative fromtheneuralpoolsin the
inferior oliveandthecerebellarnucleus.Themembranepo-
tentialof eachpostsynapticcell, Vpost (xm, t), wascalculated
byasumof thebaselinepotential,V0, andPSPsateachtime-
step, such that Vpost (xm, t) = V0 +

∑
n, j w j (t)εP S P (xm "

xn)S pre
j (xn), whereS pre

j (xn, t) = 1 if therewereapresynap-
tic spike at time (xn, t), andvanishesotherwise.The j-sum
was over all presynapticinputs,andthe n-sumwasacross
thestimuluscycle.ThePSPkernels,εP S P (xm), areshown in
Fig. 1(B).

Spikes wereassignedby generatingpseudorandomnum-
bersdrawn from a uniform distribution after calculatingthe
spike probability function, P(Vpost (xn, t)) (e.g.Eq. (2)). If
therandomnumberwas lessthanthespikeprobability, then
a spike was assigned.Theparametersin thespike-response
modelsare given in Table 1. A time-stepof 5 msecwas
usedin the x-componentandperiodicboundaryconditions
wereclosedat thedurationof thestimuluscycle.Eachtime
step in the t-coordinatewas countedas a single stimulus
cycle.At theendof eachstimuluscycle, thecomplex spike
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Table 1 Model parameters used in simulations. Cell typesrefer to
Purkinjecells(PC),cerebellarnucleuscells(CN), and inferior olivary
cells(IO). All valuesarenormalizedsothatthesynapticweightsare in
therange,[0.0,1.0].Thespike threshold,θ , isgivenasapercentageof
themaximummembranepotential.Themaximummembranepotential
is the maximumparallelÞbercontribution (normalizedto unity) plus
themaximumbaselinepotential,max(V0) = 1.0

Cell type µ θ V0 αe αi βe βi

PC 0.3 30% 0.28 0.0012 0.0012 0.18 0.18
CN 0.3 30% 0.40 0 0 0 0
IO 0.2 35% 0.28 0 0 0 0

timeswereusedto adjusttheparallelÞberandstellatecell
weightsthroughtheSTDP learningrule (Fig. 2). Java code
that generatedthe Þguresis available at the authorsweb
site,http://www.ohsu.edu/nsi/faculty/robertpa/lab/java/.

Results

We have evaluated 3 sites of synaptic plasticity for their
effects on Purkinje-cell activity: (a) PF to Purkinje-cell
synapse,(b) Stellatecell to Purkinje-cellsynapses,and(c)
the PF to Stellate-cellsynapse.In our models,eachsite of
synapticplasticity was subjectedto STDP learning rules,
wherethedirectionandmagnitudeof synapticplasticityde-
pendson thetime differencebetweenpre-andpostsynaptic
spikes.In thesecases,thepostsynapticspike eventwas the
timing of thecomplex-spike andplasticity inducedby pair-
ing presynapticspikeswith complex-spikeswasassumedto
bereversedby isolatedpresynapticspikes.Wefoundcondi-
tionsfor stability of systems-level adaptationat site (a).We
alsofound that synapticplasticity at site (b) and(c) could
stabilizethe possibleinstabilitiesof the learningdynamics
of Purkinjecells, if the learningrule at thesesynapsesare
themselvesstable.

Optimalstabilityof CSTDPlearningrules

We investigatedtheoreticalconstraintson a classof mod-
elsof cerebellarlearningin which thesimple-spike rateaf-
fectstheprobabilityof complex spikes(RuigrokandVoogd,
1995). Themodelcircuitry assumedthatthetargetnucleiof
thecerebellumwereinhibitedby Purkinjecellsandsentpro-
jectionsacrossthemidlineto inhibit cellsin theinferiorolive
(Fig. 1). Thisdoubleinhibition increasedthecomplex spike
ratewhenthePurkinje-cellspikerateincreased(Medinaand
Mauk, 2000). Under theseconditions,the exact timing of
associative LTD becamecritical for learningto be stable.
Unstablelearningdynamicsgenerateoscillationsduringthe
stimulusphase(Fig. 3). If thelearningdynamicsare stable,
the learningdynamicscancelmodulationof the membrane
potentialduringthestimuluscycle (BuonomanoandMauk,
1994). WetestedbiologicallyplausibleSTDPlearningrules
(CrepelandJaillard,1991; Ito et al., 1982; Lev-Ramet al.,
1995; Lindenetal., 1991; Schreurset al., 1996) for stability
andfoundastableclassof STDPlearningrulesforcerebellar
learning,by applyinganalyticmethodsto test the stability
of STDPlearningrules(RobertsandBell, 2000; Williams
et al., 2003). Instabilitiesappearasoscillatorymodesthat
grow from the Þxed point (seeFig. 3(B)). The stability of
thesemodesdependson thesign of realpartof theproduct
of Fourier-transformedEPSPand the associative learning
functionof STDP.

An exampleof a stableSTDP learningrule for a well-
characterizedsystemis theadaptiveelectrosensoryprocess-
ing system of mormyrid electric Þsh (Bell et al., 1997c;
Roberts and Bell, 2000). The STDP learning rule in a
cerebellum-likestructure,theelectrosensorylateralline lobe
(Bell et al., 1997a), is basedon theopeningof postsynaptic
NMDA receptorsallowinganinßuxof calciumionsthatLTD
(Bell et al., 1997c; Hanetal., 2000). A non-associativeLTP
componentto thelearningrule reversestheLTD (Hanet al.,
2000). The learningrule is stablebecausethe postsynaptic

Fig. 2 Application of learning rule in the simulations. The STDP
learningrule changesthe synapticweightsas a function of the exact
timingof thecomplex spikerelativetothebeginningof thePSP. (A) The
learningrule depressesthe weight in proportionto Le(xcs ) = εe(xcs ),
wherexcs is the time of a complex spike, thena complex spike that

occurswithin the time courseof the associative componentcausesa
decreasein the amplitudeof the PSP. (B) The synapticweight is en-
hancedby a Þxed amount,αe, if the complex spike falls outsidethe
window of depression
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Fig. 3 Learning instabilities are caused by a mismatched timing of the
STDP learning rule. (A) Exampleof a stablelearningrule wherethe
intervalof depressionhasthesametimingasthepostsynapticpotentials
thatleadto dendriticspikes, Le(xcs ) = εe(xs ), wherexs is thetimeof a
dendriticspikethatleadsto depression.A seriesof excitatoryPSPsadd
togethertogeneratethespikeswith aprobabilityshownby thesolidline
in eachgraph.AssumingthattheefÞcacy of thePSPinput to generate
dendriticspikesis thesameas thePSPitself, thenthestablelearning
rule will depressthesynapticstrengthproportionallyto thePSPscon-
tributionto thespikeprobability. ThetoppanelshowsseveralPSPsthat
aregreaterthanequilibriumlatein thecycle (90 < x < 150ms).The

depressioncomponentof the STDP learningrule dominatesin this
interval and, after many cycles, thesePSPsare reducedto equilib-
rium (bottom).At equilibrium, thedepressiondueto randomdendritic
spikes are cancelledby non-associative potentiation,αe. (B) An un-
stablelearningrule will depresssynapsesthathave not contributed to
the above-equilibrium spike probability. A shift in the timing of the
depressionwindow isshown hereasanexample.ThePSPsearlyin the
cycle (x ) 40 ms) aredepressedby the region of above-equilibrium
spikeprobability latein thecycle (x ) 100ms).After many cyclesthe
variancegrowsasoscillationswith afrequency determinedby theshift
on thedepressionwindow

Fig. 4 Simulated response of model neurons in response to a single
parallel fiber spike. (A) We simulatedthespike activity of a Purkinje
cell (A), thetargetcerebellarnucleus(B), andinferioroliveneuron(C)
thatgeneratesthecomplex spike in thePurkinje cell duringa stimula-
tion of thePFs.Thespike probability of a targetneuronin theinferior

oliveÞtsacurvethatis aconvolution of the3 postsynapticpotentialsin
thepathway from thePF to the inferior-olive neuron.Theshift is due
to synapticdelaysin our simulationand nonlinearitiesintroducedby
thespikeprobabilityfunction

eventis aback-propagatingdendriticspike thatis generated
by parallelÞberEPSPwithin the samecell. Thus,thereis
a matchbetweenthe efÞcacy of the parallelÞberspikesto
generatea postsynapticevent.However, if the sameSTDP
learning rule is applied to the parallel Þbersynapseonto
Purkinjecells in thecerebellum(Fig. 2), wherethepostsy-
napticevent is a complex spike, thenthelearningdynamics
areunstable,asshown in Fig. 5.

In the caseof plasticity at the PF synapseonto Purkinje
cells, the critical function is the polysynaptic efÞcacy
with which the PF synapsecontributesto a complex-spike
(Rumsey andAbbott,2004). WefoundthatthestableSTDP
learningrule was the convolution of the following 3 func-
tions: the PF-evoked EPSP, the Purkinje-cell-evoked IPSP,
andthe targetnuclei-evoked IPSPin the inferior olive. The
shapeof thesefunctionsis shown in Fig. 4. In theMethods,

we discussedan expansionof thespike-probabilityof neu-
ronsin thecerebellarcircuit thatconnectsPurkinjecells to
theinferior olivary neuronsthatgive riseto climbing Þbers.
The approximateefÞcacy of parallel Þberson complex-
spikes was found to be proportionalto εio ( εcn ( εp f (xn).
Thus,any stablelearningrule is predictedto have an LTD
componentto its learningrule thatsatisÞesthestability con-
dition (Eq.(5)), yieldingtheconditiononparallelÞberLTD,

Re
[
F [βp f L p f ](k)F [εio ( εcn ( εp f ](k)

]
< 0,

k # ("$ , $ ), (9)

We simplify the representationsof the postsynapticpoten-
tials to be alpha-functions,ε1(x) (cf. Eq. (6)), and further
let their time constantsto be equivalent, τp f = τcn = τio.
Thus, F [εio ( εcn ( εp f ](k) = (1 + ikτp f )" 4, that forces a
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Fig. 5 Mismatch of STDP learning rule leads to unstable learning
dynamics. (A) Thesimple-spikeprobabilityof themodelPurkinjecells
shows largeoscillations(cycle 1000)for L1(x), andL2(x), but nearly
stableconÞgurationfor the learningrule that matchedthe efÞcacy of
theparallelÞbersynapseon generatingcomplex-spikes, L3(x). Except
for a small rangenearx0 = 40 ms, the varianceof the Purkinje-cell
membranepotentialis largedueto oscillationscausedby thelearning
dynamics.The shift of 40 ms for the stable learningdynamicsis re-
quiredto compensatefor thenonlinearitiesin responsesof neuronsto

theparallelÞberspikesthroughthechainof synapticconnectionsfrom
PC' CN ' IO (seeFig. 4). (B) Theevolution of thePCspike prob-
ability shows thegrowing oscillationscausedby the instabilitieswith
L1(x). Weightsareinitiatedat near, thenincreaseby thenon-associative
termin theSTDP learningrule. After 100cycles,complex-spikes be-
gin to appearandthe increasedvariancerevealsoscillation that grow
whenthe LTD componentof the STDP learningrule doesnot match
thecomplex spikeefÞcacy (Fig. 4(C))

constraintthe limits of the time constantfor the parallel
Þberlearningrulesatisfying,βp f Re(1+ k2τLτp f + ik(τL "
τp f ))4 < 0. A perfectmatchbetweenthe time-constantsof
thelearningrule andthepostsynapticpotential,(τL = τp f ),
clearlysatisÞesthestability conditionif βp f < 0.

We numerically simulated the cerebellar circuit
(Fig. 1(A)) usingspike-responseneuronmodelsto test the
analyticpredictionof thelearningrule.Figure5showsthere-
sultsof thesimulationwherethechangein spike-probability
causedbyparallelÞberspikesisshown inFig. 4(A). Thereis
adeviationfromouranalyticpredictionduetothenonlineari-
tiesinourspike-probabilityfunction(Eq.(2)), forcingashift
in thelearningfunction,βp f L p f (x " x0), wherex0 = 40ms.
Thisshift couldhavebeenappliedto theinhibitory synaptic
learning function with similar results. The simple-spike
probability for different learning functions is shown in
Fig. 5 showing the oscillationsduring the cycle causedby
instabilitiesin thelearningdynamics.Large oscillationsfor
x0 += 40msresultfrom afactorof exp(" ikx0) in theFourier
transformof βp f L p f (x " x0), a factor that guaranteesthat
there exists a value for k where the stability condition
fails.

Effectsof CSTDPat thestellatecell synapse
ontoPurkinjecells

Empirical demonstrationsof STDP at inhibitory synapses
have revealedtwo classesof learningrules: (1) symmetric
with respectto the presynapticspike (Woodin et al., 2003)
or (2) asymmetricwith respectto the presynapticspike so
that the learningwindow is coincidentwith the IPSPin the

postsynapticneuron(Han et al., 1999; Haaset al., 2004;
Bell etal.,1997b). However, neitherof theseSTDPlearning
rules helpedstabilize the learningdynamicsbecausethey
themselvesareunstable.Plasticityatinhibitorysynapseswas
exploredin Roberts(2000b), andwe have foundthatSTDP
at thesynapsefromstellate-cellinterneuronsontoPurkinje-
like cells help stabilize learninginstabilities if the STDP
learningruleatthePF synapseontoPurkinje-likecell causes
instabilities.However, extendingtherangeof stability only
holdsif theSTDP learningrule at the inhibitory synapseis
itself stable.

TheSTDPlearningrulethatwetestedin ouranalysisand
simulationswasdependentontheinterval betweenastellate-
cell spikeandacomplex-spike in thePurkinjecell. Wehave
found that the condition of stability of CSTDPat excita-
tory synapsesis also the formula for CSTDPat inhibitory
synapses.In a recentpublication,we derived an inversion
principle (Williams etal.,2003) wherereplacingthepostsy-
napticpotentialkernelandtheCSTDPlearningfunctionby
theiradditive inverseleavesthestability conditioninvariant.
Hence,thestableCSTDPlearningrulefor an inhibitoryIPSP
is just minusthe stablelearningrule for the corresponding
excitatoryEPSP.

Threepossibilitiesexist for thePFandstellatecellCSTDP
learning rules yielding stable learningdynamics:(A) the
stellate-cellCSTDPlearningrule is differentfrom otherex-
amplesof STDPlearningrulesat inhibitory synapses,(B)
the recentresult (J¬orntell and Ekerot, 2002) that climbing
Þbercollateralsin thesuperÞcialmolecularlayer innervate
stellatecells,consequentlyleadingto adepressionof thePF
synapseontostellatecellsdueto anassociationof complex
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spikes and stellatespikes, or (C) the stellate-cell learning
rule is unstable,but a stableparallelÞberCSTDPlearning
rulestabilizesthelearningdynamics.

If we assumepossibility (A), that thestellate-cellSTDP
rule is tailored to be stable in the cerebellum,then the
Purkinje-cellmembranepotentialcanbestabilizedbygiving
the stellate input a stable learningrule, proportionalto the
efÞcacy of stellate-cellspikes to generatecomplex spikes
(Williams et al., 2003). The stable learningfunction is de-
rived as the inverse of the stellate-cellinhibitory postsy-
naptic potentialconvolved with the postsynapticpotential
in neuronsof the cerebellarnuclei and the inferior olive:
Lst (xn) = εio ( εcn ( εst (xn). Thestability conditionfor par-
allelÞbersalone(Eq.(9)) hasasecondtermduetothestellate
contribution to the membranepotential(seeAppendixand
Roberts,2000c) so thatthefull stability conditionbecomes,

Re
[
F [βp f L p f ](k)F [εio ( εcn ( εp f ](k) + F [βst Lst ](k)

, F [εio ( εcn ( εst ](k)
]

< 0, k # ("$ , $ ). (10)

If the real part of either term is less than zero, then the
combinedlearningdynamicscould still be stablebecause
of the sum of real parts.Our numericalstudiesfound that
applyinga stableSTDP learningrule at thestellatesynapse
wouldreducetheoscillationscausedby shiftsin theparallel
Þberlearningrule (Fig. 6).

In oursimulations,thevarianceof themembranepotential
was not improved with a shift, x0, nearx0 = 40 ms,which
was the most stableregion of the PF learningrule. These
simulationsextendedthe analytic resultsby showing that,
althoughthereare instabilities for most values of x0, the
oscillationsaresmall for delaysas large as x0 = ± 50 ms.
This calculationsuggeststhat measuringthe CSTDPrule
for theparallelÞbersynapsealoneis not sufÞcientto deter-
minewhetherthesystems-level learningdynamicsarestable.
Onemust also determinethe stellate-cellCSTDPlearning

rule to deducehow the combinationof synaptic plasticity
at inhibitory synapsescombineswith plasticityatexcitatory
synapses.

Possibility(B), thatthesite of synapticplasticityfor stel-
late inhibition is at the parallel Þbersynapseonto stellate
cellswasoriginally suggestedby Albus(1971) using thear-
gumentthat thereare far more parallelÞbercontactsonto
stellatecells thanstellatecell contactsonto Purkinjecells.
Thus,synaptic plasticity at the parallel Þbersynapseonto
stellatecells would maximize the storagecapacityof the
network. Empirical evidenceof synapticplasticity at this
synapsehasbeenreported(J¬orntell andEkerot, 2002), but
the amount of plasticity for delaysbetweenparallel-Þber
spikesandcomplex spikes,ie.thecompleteCSTDPlearning
rule, wasnot determined.Our analyticmodelsuggeststhat
astableCSTDPlearningrulewouldsatisfy thecondition:

Re
[
F [L p f ' st ](k)F [εio ( εcn ( εst ( εp f ' st ](k)

]
< 0,

k # ("$ , $ ), (11)

wherehereεp f ' st (x) is the EPSPin stellatecells caused
by a parallel Þber spike. The addedconvolution induces
a longer delay betweenthe parallel-Þberspike and the
climbing-Þberspike thanin our previousexample.

The third possibility (C) is that the learningdynamics
of the parallelÞbersynapseonto a Purkinjecell stabilizes
theunstablelearningdynamicsof plasticityof theinhibitory
input to Purkinjecells.In thiscasewereferagainto Eq. (10)
andconcludethatif inhibitoryplasticityisunstable,thenthis
placesstricterconstraintson the parallel-Þbersynapse.All
threeof thesepossiblecombinationsof synapticplasticity
couldbetestedby measuringtheCSTDPlearningrules.The
maintheoreticalpoint hereis thata combinationof CSTDP
at both inhibitory and excitatory inputs to Purkinje cells
yieldsa wider rangeof parametervaluesfor stablelearning
dynamicsso thatthesystemismorerobust.

Fig. 6 Inhibitory CSTDP helps to stabilize the learning dynamics
of the PF to Purkinje-cell synapse. (A) The window of LTD for the
CSTDPlearningruleattheparallelÞbersynapsewasshiftedfor delays
x0 = " 60 ' 60 msec.Thevarianceof themembraneis a measureof
theinstabilitiescausedby unstableCSTDPlearningrules(thin, dotted

trace).WhenastableCSTDPlearningis appliedat inhibitorysynapses
(heavy, solid trace),the instabilitiesare suppressed.(B) Postsynaptic
potentialfunctionsandassociatedCSTDPlearningrules for parallel
Þber(thin traces)andstellatecell (heavy traces)synapses

Springer



J ComputNeurosci

Sculptingsimple-spikeactivity with complex-spike
responsemodulation

The learningdynamicsof stableSTDP learningrulesleads
to aconstantoutputwhenparallelÞberinputsarecorrelated
in time. The Þxed-pointof the output rate is very robust
(Robertsand Bell, 2000; Williams et al., 2003) and tends
to cancelany modulationof the Purkinje cell rate that is
correlatedwith the parallel Þber spike pattern.However,
simple-spikesrateshave beenobserved to be modulatedby
sensorystimuli or motor activity. Thus,thequestionarises:
How canthe Purkinjecell activity be trainedfor a desired
outputpatternby theCSTDPlearningrule?

Sincecomplex spikes arise in a nucleusseparatefrom
the cerebellarcortex, the possibility of external control of
thecomplex-spikepatternscanbeusedto sculptthesimple-
spikepatternthatis context speciÞcto thestimuli thatexcite
granulecells. This phenomenonof independentlycontrol-
ling dendriticspikesandaxonalspike, wherethe dendritic
spikes control synaptic plasticity, has beenobserved in a
cerebellum-like structure(Mohr et al., 2002). The cerebel-
lum appearsto be well designedto implementtheprinciple
thattheactivity of onesetof inputs(climbingÞbers)controls
theresponseof Purkinjecellsto anothersetof inputs(mossy
Þbers).

In our model circuit (Fig. 1), we modulatedthe activ-
ity of the model neuronrepresentingan olivary cell with a
sinusoidalstimulus,s(xn), that was correlatedwith the cy-
cleof parallel-Þberdelays,s(xn) = A sin(" 2πxn/T ), where
T = 1secis theperiodof thecycle.Theresponseof thesim-
ulatedcomplex spikesis shown in Fig. 7(A) wherethereis
a peakin complex-spike histogrambeforeadaptationtakes
place.After 1500cycles(Fig. 7(B)), the modulationof the
complex spikeshasbeencancelledby thesimplespikemod-
ulation,wherethedip in thesimple-spike histogramcorre-
spondsto a releaseof the cerebellarnuclei neuronsfrom
inhibition, leadingto anincreaseof inhibitionof theinferior
oliveneuron.

The phaserelation betweenthe simple-spikes and the
complex-spikes is consistentwith data from the uvula-
nodulus(BarmackandShojaku,1995). Althoughthesimula-
tiondid notincludedetailsof climbingÞberspikegeneration,

it doessuggestthefollowing hypothesis:theantiphaserela-
tion involves associative depressionof thesynapticefÞcacy
in themolecularlayer. If themossyÞberinputsthatactivate
granulecells are temporallycorrelatedwith respectto the
phaseof thestimulus,thenthoseparallelÞbersynapsethat
arecoincidentwith climbingÞberactivity will beselectively
depressed.The consequenceis that during the part of the
stimuluswhenthe probability of a climbing Þberresponse
is greatest,thePurkinjecell dendritesreceiveproportionally
lesspostsynapticinputfromparallelÞbers,thusreducingthe
simplespike frequency.

A featureof the learningdynamicsthat can reducethe
overall synapticinput is that the synaptic weightsof both
excitatoryandinhibitory inputsdrift in unisonif the learn-
ing ratesarenot perfectlymatched(Roberts,2000c). Under
thesecircumstances,the sum of excitatory and inhibitory
postsynapticpotentialsis constant,but thereisan overall de-
pression(of potentiation)thatdrivesthesynapticefÞcacies
to theirminimum(or maximum)necessaryto reachtheÞxed
pointof thelearningdynamics.Theconditionsthatminimize
the overall synapticinput are that the ratio of the excita-
tory learningratesare lessthantheinhibitory learningrates,
αp f /βp f < αst/βst . Theresultshown in Fig. 7(B) is sucha
case,andmany of thesynapticweights,bothexcitatoryand
inhibitory, vanish.Theselearningdynamicssuggestamech-
anismfor the observation that mostparallelÞbersynapses
ontoPurkinjecellsaresilent (Isopeetal., 2002).

If the inequalityof learningratesis great enough,then
the Þxed-point of a constantcomplex-spike rate may be
distorteddueto saturationof theweights,andtheÒpressure"
of the learningdynamics.An examplewhereαst is large
is shown in Fig. 8. Here the non-associative depressionof
the inhibitory synapsesoverwhelmsthe learningdynamics
so that the system settles with an increasedsimple-spike
rateduring theÞrstphaseof thecycle. Theaverageweight
conÞguration(Fig. 8(B)) revealsthatthecontribution of the
synapticinputs are large only during thosephasesof the
cycle wherethey increaseor decreasethesimple-spike rate
from its meanoutput.A striking featureof this numerical
simulationis that theCS rateis not constant.The shapeof
the CS probability is not predictedby the analysisbecause
our analytic methodsdo not apply when the weights are

Fig. 7 Complex-spike pattern sculpts simple spike pattern. (A) Simu-
lationof network in Fig. 1(A) withoutsynapticplasticity(histogramof
1000cycles).Sinusoidalmodulation(grey) causesa peakin complex-
spike probability during secondhalf of cycle, but the simple-spike

probability (black) is constant.(B) After 500cyclesof CSTDPat the
parallelÞbersynapseontothePurkinjecell, thesimple-spikeprobabil-
ity (black)is reducedduringthephasewherethecomplex spikes were
high.Thecomplex spikes(grey) arenow ataconstantmaintenancerate
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Fig. 8 Synaptic weight minimization by combining excitatory with
inhibitory plasticity. (A) Simulationof complex spikes(grey) andsim-
plespikes (black)in asinglePurkinjecell duringoscillatoryvestibular
stimulation(Barmack,1995).Resultof simulationdescribedin thetext
showing the sameantiphasicresponseof simple spikes with respect

to climbing Þberactivity. (B) Averagesynaptic weights for parallel
Þbers(solid)andstellatecells(broken) ontomodelPurkinjecell during
sampletimewheredatawas take in (A), wherexn labelsthebeginning
of the PSPthat is scaledby the weight.Synapticweightsare at their
minimumvaluethatgeneratesthespike rates

saturatedat a Þxedboundary. Thenumericalresultssuggest
thatnon-constantspike probability couldresultif thereis a
strongnon-associative componentto thelearningrule.

Discussion

In this paper, we derived the learningdynamicsof cere-
bellarPurkinjecells that resultsfrom plasticityat synapses
ontoPurkinjecells.Depressionof parallelÞberinputs,and
potentiationof inhibitory interneuroninputs,was assumed
to be causedby repeatedpairing with complex spikesand
reversedby a non-associative LTP. We showed that if the
synapticinputsare correlatedin the temporaldomain,then
thetiming of theLTD window iscritical for stablelearning.
Instabilitieswould be observableas oscillationsin simple-
spike histogramswherethe frequency dependson the mis-
matchbetweentheCSTDPlearningrule andtheefÞcacy of
parallelÞbersto generatecomplex spikes(or theefÞcacy of
stellatecellsto inhibit complex spikes).Theabsenceof these
oscillationsstronglyconstrainscandidateCSTDP learning
rulesto predict that thewindow of LTD mustbedelayedto
follow the parallelÞberby at least50 msecandthe maxi-
mumdepressionwould be at about100msec.Somerecent
experimentalÞndingsagreewith this rangeof delaysin our
predictionfor the timing window for the CSTDP learning
rulesof parallelÞbers(Wangetal., 2000).

Our resultsregarding the timing of cerebellarLTD were
consistentwith what is known about the mechanismsof
associative LTD at the PF synapseonto Purkinje cells. If
parallelÞberLTD weredependenton postsynapticNMDA
receptors,thennodelayof thelearningwindow, with respect
to thePF EPSPcouldbe realized.An unstablelearningrule
would result becausean NMDA-basedlearningrule takes
the form of an alpha-function(Bell et al., 1997c) that we
haveshown isunstable(Fig. 5). However, theNMDA-based
learning rule is stable in the caseof the cerebellum-like
electrosensoryprocessingstructurein mormyridelectricÞsh
(Robertsand Bell, 2000, 2002). Purkinje-like cells in the
mormyridgeneratetheirown dendriticspikes,implyingthat

thePF directly affectsthedendriticspike probability via an
EPSPthatmatchesthelearningfunction(Bell etal.,1997c).
As aresult,thelearningdynamicsarestablein thesensethat
oscillationsarenot generatedwithin the electric discharge
cycle.

In contrast,LTD in thecerebellumis independent of post-
synapticNMDA receptors,andthis independenceleadsto a
differentshapeof theLTD window. Metabotropicglutamate
receptorsin combinationwith secondmessengersmaydelay
theprocessesthatcauseLTD from pairingwith a complex-
spike (HoukandAlford, 1996; Doi etal.,2005; Steuberand
Willshaw,2004),possiblytakingaformresemblingtheaffect
of PF spikeson the complex-spike probability (Fig. 4(C)).
Theresultwould be a learningrule that is stable.However,
this restrictionimposedby stability on the STDP learning
rule forbidsthepossibilityof thewindow of LTD eitherpre-
cedingthePF spike or following thePF spike by morethan
80msec.

The model of cerebellarlearningin the presentmodel
did nothaveanexplicit representationof mossyÞbersspike
patterns.Thus, two essentialissueswere absentfrom the
analysis:(1) how granulecells encodemossyÞber infor-
mationinto parallelÞberactivity, and(2) how mossyÞber
that project to the cerebellarnuclei affect the dynamicsof
cerebellarlearningdynamics.Although there is consider-
abletheoreticaldiscussionof theÞrst issuein the literature
(Albus, 1971; Marr, 1969; Buonomanoand Mauk, 1994;
Schweighoferet al., 2001), thereis little experimentaldata
dueto thedifÞcultyof recordingfrom granulecells in vivo
(Chaddertonet al., 2004; Simpsonetal., 2005). Thepresent
model assumesthat the granulecells respondwith delays
following an sensoryor motor event, but this assumption
mustremainconjecturaluntil furtherdatais available.

Thesecondissue,how mossyÞbercollateralsto thecere-
bellarnucleiaffectthedynamicsof thesystem,ispartiallyad-
dressedby theanalysisof complex-spikemodulation(Figs.7
and8).SincethemossyÞberswouldbecarryingtheinforma-
tion thatis alsore-codedby granulecells,possibleat delays
(BuonomanoandMauk, 1994; Roberts,2005), thenthedi-
rect effect would be to reducethe complex-spike response
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duringthetimeof theeventencodedasmossy-Þberactivity.
TheresultsfollowingCSTDPwouldbean increaseinsimple
spikeratethatiscoincidentwith themossyÞberactivity. The
detailswoulddependontheconvergenceof mossyÞbersand
Purkinjecellsin thecerebellarnucleus,becausetheseinputs
couldcancelif thereisabalancedconvergence.

Anothersourceof dynamicsinto the systemsthat is not
includedin ourmodelisclimbingÞbercollateralstocerebel-
lar nuclei.Becauseof the low rateof climbing Þberspikes,
the effectsmay not be asprominentasmossyÞbercollat-
erals.If thesynapticinputsare particularlystrong,thenthe
effect couldforceaphaseshift of thesimplespikepattern.

Themodeldoesnot includeanexplicit representationof
convergenceof parallelÞbersonto inhibitory interneurons
in the molecularlayer. The efÞcacy of parallelÞbersonto
stellatecells is quite stronganda spike from a single par-
allel Þbercanresult in a spike on a stellatecell (Barbour,
1993). Onewould thenexpectthat few stellatecellsdeliver
only a singlespike per stimuluscycle. However, the pres-
enceof morespikesper cycle do not affect the qualitative
aspectsof the results,unlessthedistribution of spike times
is uniform throughoutthestimuluscycle. Theeffectiveness
of the inhibitory inputs,in contributing to the Þnal tempo-
ral patternof simplespikes, is increasedproportionallyto
thenarrownessof thetemporaldistribution of thespike tim-
ings during the cycle (Roberts,2005). The presentmodel
investigatesthe extremecasewherethe stellatecells spike
only oncepercycle, but thatassumptioncouldbe softened
with similar resultsas long aseachstellatecell spike pat-
tern delivers a different temporalpatternthe the Purkinje
cell.

The temporal correlation of the parallel Þber spiking
activity have beenrepresentedby delay-linesin our model.
We have assumedthatthis is anapproximationto theactual
parallelÞberactivity patternsduring sensorystimulations.
The mechanismsfor the delay lines hasbeennumerically
exploredin thecaseof eye-blink conditioning(Buonomano
andMauk,1994), andarepossiblydueto recurrentinterac-
tion of granulecells with inhibitory Golgi cells.Therehas
beena substantialamountof modelingstudiesto determine
the function of Golgi cells. The proposedideas include:
maintainingtheparallelÞbersin a narrow rangeof activity
in bothtime andspace(PellioniszandSzent«agothai,1973),
causingoscillationsin theÞring ratesof granulecells(Maex
and DeSchutter, 1998; Nagano and Ohmi, 1978; Roberts,
1997; Vos et al., 1999), andgeneratinga broaderrangeof
timingrelativetoasensorystimulusin theparallelÞbersthan
is availablein th mossyÞberinputs(BuonomanoandMauk,
1994). However, therecordingsof granulecells(Chadderton
et al., 2004) during sensorystimuli have not yet revealed
thevalidity of thesehypotheses.Our analyticandnumerical
methodscanbe modiÞedto accountfor the actualparallel
Þber spike patternswhen they becomeavailable, but the

conclusionremainsvalid, that learningdynamicsconstrain
the likely CSTDP learning rule during natural cerebellar
function.

Appendix

Thepurposeof this Appendixis to extendthe learningsta-
bility criterion of Williams et al. (2003) to the casewhere
a secondpool of synapticinputshasan independentSTDP
learningfunction. In the main text (Eq. (10)), we usethis
resultto testthe learningstability in thepresenceof a pool
of inhibitory stellate-cellsynapsesin additionto the paral-
lel Þbersynapses.We assumethat at eachxn, thereexists
presynapticspikesfor two typesof weights,we

n andvi
n. The

e-typesynapseshavepostsynapticpotentialεe(xn) andSTDP
learningruleLe(xn), andthei-typesynapseshavepostsynap-
tic potentialεi (xn) andSTDPlearningrule Li (xn). Let the
vectorof theweightsbe -W = (we

1, . . . , w
e
N , wi

1, . . . , w
i
N )T ,

whereN is thenumberof weightsandT is thetranspose.
ThecoefÞcientmatrix,Q, of theof thelinearizedweight

dynamics(Eq.(28),Williams etal., 2003)

!. -W / = Q. -W / (12)

hastheblock form:

Q =
(

Qee Qei

Qie Qii

)
(13)

As shown in Williams etal. (2003), stabilityof thelearning
dynamicsdependson the eigenvaluesof Q. Eachblock of
Q is circulantandall circulantmatricesaresimultaneously
diagonalizableby a singlecoordinatetransformationS, so
that

(
S" 1 0

0 S" 1

)
Q

(
S 0

0 S

)
=

(
S" 1Qee S S" 1Qei S
S" 1Qie S S" 1Qii S

)

=
(

(ee (ei

(ie (i i

)
= (Q, (14)

where(ee is thediagonalmatrix of theeigenvalues,(ee =
diag(λee

1 , . . . , λee
N ), etc.Theeigenvaluesaretherootsof

det((Q " λI ) = (" 1)r
N∏

n= 1

det

(
λee

n " λ λei
n

λie
n λi i

n " λ

)

(15)

whereλee
n is the nth eigenvalue of (ee, and r is the num-

ber of row and column interchangesto bring the matrix
into the Þnal form. Thus, the roots of det((Q " λI ) are
the union of the roots of N quadratics,eachof the form,
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λ2 " (λee
n + λi i

n )λ + (λee
n λi i

n " λei
n λie

n ). In the limiting case
of slow-learning,dense-spacing,andlong-period(Williams
et al., 2003), we transformto thecontinuousFourier trans-
formsof thelearningruleandpostsynapticpotential,λee

n '
F [Le](k)F [εe](k), with n ' k. Thenon-zerorootscanthen
beshown to beλ = F [Le](k)F [εe](k) + F [Li ](k)F [εi ](k).
Thus,theexcitatoryandinhibitory termsseparatein thesta-
bility criterion

F [Le](k)F [εe](k)+ F [Li ](k)F [εi ](k)<0, for all k (16)

asstatedin Eq.(10).
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